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Inspired by the ideas from topological field theory it is possible to rewrite the supersym- 
metric charges of certain classes of extended supersymmetric Yang— Mills (SYM) theories 
in such a way that they are compatible with the discretization on a Euclidean spacetime 
lattice. Such theories are known as maximally twisted SYM theories. In this review we 
discuss the construction and some applications of such classes of theories. The one-loop 
perturbative renormalization of the four-dimensional lattice = 4 SYM is discussed in 
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1. Introduction 

Formulation of discretized supersymmetric Yang-Mills (SYM) theories in a way 
ensuring compatibility with the lattice is an old problem in lattice field theory. 
Recent developments based on the ideas taken from topological field theories and 
also orbifold/deconstruction techniques have created promising pathways into the 
solution of this long standing problem. In this review we focus on a class of lattice 
gauge theories constructed from topologically twisting the continuum SYM theories. 
The twisted SYM theories on the lattice turn out to be local, doublers free, and exact 
gauge-invariant theories, which are invariant under one or more supersymmetries. 
These theories, in principle, are qualified enough to form the basis for a truly non- 
perturbative definition of the continuum SYM theories. 

To make this review as self-contained as possible, we have included a set of in- 
troductory topics, such as the construction of SYM theories in various dimensions, 
general properties of topological field theories, and their connections to SYM theo- 
ries and lattice formulations, and the geometric structure of the resultant lattices. 

We introduce the four-dimensional A/" = 4 SYM theory in Section 2. To maintain 
the symmetry between the number of fermion and boson degrees of freedom in 
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a given Yang-Mills theory coupled to spin- 1/2 fermions in arbitrary dimensions, 
various conditions can be imposed on Dirac fermions in various dimensions. These 
conditions lead to Weyl, Majorana, and Weyl-Majorana fermions. The method of 
dimensional reduction is then applied to the tcn-dimensional J\f = 1 SYM theory 
to obtain the A/" = 4 SYM theory in four dimensions. 

In Section 3, we introduce topological field theories, BRST invariance in gauge 
theories, and then discuss topological field theories of Witten type, which are the 
focus of our interest. 

We show how to twist the supersymmetries of SYM theories with extended 
supersymmetries in Section 4. The method of maximal twisting is discussed, and 
then its relevance to the lattice constructions is explained. We give the twisted 
versions of the two-dimensional N = 2 and four-dimensional Af = 4 SYM theories, 
exposing the nilpotent scalar supersymmetries appearing as a consequence of the 
twist. We also write down the action and scalar supersymmetries of these theories. 

In Section 5, wc introduce supersymmctric lattices, their geometric structure, 
orientation of the field operators, covariant derivatives on the lattice, connection to 
Dirac-Kahler fermions, and discretized supersymmetries and actions of the twisted 
SYM theories. 

After these introductory sections, in Section 6, we review the A/" = 4 SYM 
at one-loop on a four- dimensional lattice. The lattice formulation of the A/" = 4 
SYM retains one exact supersymmetry at non-zero lattice spacing. This feature, 
combined with gauge-invariancc and the large point group symmetry of the lattice 
theory, can be used to show that the only counterterms that appear at any order 
in perturbation theory correspond to the renormalizations of existing terms in the 
bare lattice action. Also it can be shown that mass terms arc not generated at any 
finite order of perturbation theory. The one-loop renormalization coefficients of the 
theory exhibit a common logarithmic divergence that can be absorbed by a single 
wavefunction renormalization. This implies that for the lattice A/" = 4 theory, at one- 
loop, only a fine tuning of the finite parts is required to regain full supersymmetry 
in the continuum limit. 

In Section 7, we review some of the applications of the lattice constructions of 
twisted SYM theories in the context of the AdS/CFT correspondence. We discuss 
recent results obtained from lattice simulations of the SYM quantum mechanics 
and the two-dimensional SYM theory at finite temperature. Both the gauge theo- 
ries appear in the generalizations of the holographic duality conjecture. The dual 
gravitational theory of SYM qiiantum mechanics contains black holes. As the tem- 
perature changes, there is a transition between black holes (described by a confined 
phase in the gauge theory) and a gas of hot strings (described by a deconfined phase 
in the gauge theory) in the dual gravitational theory. The transition is continuous 
and it passes through a point known as the Horowitz-Polchinski correspondence 
point. In the case of the two-dimensional supersymmettic Yang-AIills theory, the 
dual gravitational theory has an even more interesting phase structure. At large 
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N, the (l+l)-dimensional sixteen supercharge SU{N) Yang-Mihs is beheved to de- 
scribe a dual description of the decouphng hmit of N coincident Dl-branes on a 
circle. The Dl-branes have charge and mass, and they describe certain black hole 
geometry. In the dual gravitational theory, at large N and strong coupling, it has 
been proposed that, there is a phase transition related to the Gregory-Laflamme 
phase transition connecting a localized black hole solution and a uniform black hole 
solution wrapping around the compactified direction. The study of the time and 
space Polyakov loops in the two-dimensional gauge theory may show evidence sup- 
porting this transition. This gauge theory is analyzed on the lattice using twisted 
construction, and indeed the behavior the time and space Polyakov loops strongly 
suggests such a transition. In particular, at strong coupling, the transition has the 
parametric dependence on coupling predicted by the gravitational theory. The tem- 
perature corresponding to the Gregory-Laflamme phase transition can be estimated 
from the lattice study of the gauge theory which, interestingly, is not yet known 
directly in the gravitational dual. 

2. Af — 4 super Yang Mills theory 

Supersymmtric Yang-Mills (SYM) theories form an interesting class of quantum 
field theories. Among them, the four-dimensional SYM theory with sixteen super- 
symmetries is a very special quantum field theory in its own right. This theory 
exhibits many interesting properties. For zero theta angle, the four-dimensional 
SYM theory with a simple gauge group has just a single dimensionless coupling 
parameter, the gauge coupling parameter g. The classical version of this theory ex- 
hibits superconformal invariance, owing to the dimensionless nature of its coupling 
parameter. Its beta function vanishes identically to all orders in perturbation the- 
ory and the same is believed to be true at the nonperturbative level. This theory, 
therefore, is finite, with no renormalization at all. Its coupling parameter does not 
run, unlike most gauge theories, different values of g really give different theories, 
rather than being transmuted to a change of scale. Another interesting property 
exhibited by this theory is exact electric-magnetic duality, that is, the invariance 
under the interchange of electric and magnetic quantum numbers. The theory is 
also invariant under the replacement of g with 47r/(7, that is, the theory with a weak 
gauge coupling g is fully equivalent to the one with a strong gauge coupling ^ir/g. 

In 1997, Maldacena proposecffi a new duality relating Type II supergravity (a 
certain low energy limit of string theory) in (d-l- l)-dimensional anti-de Sitter (AdS) 
space and d-dimensional super conformal theories. This is known as the holographic 
principle. The Af = 4 SYM theory takes part in the most successful realization of 
holographic principle. This theory can be realized as the gauge theory living on a 
D3-brane of Type IIB superstring theory in AdS^ x space. 

The action of A/" = 4 SYM theory was given for the first time in 1977 in Refs. [2] 
and|3]within the framework of string theory toroidal compactifications. This theory 
has the maximal amount of supersymmetry, sixteen real supercharges, for a four- 
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dimensional field theory with global supersymmetry. 

There exist different types of construction schemes for four-dimensional M — 4: 
SYM theory. We follow the original work of Brink, Schwarz and Scherk given in 
Ref. [21 where it is constructed by dimensional reduction from ten dimensions. 

2.1. Yang-Mills theory with fermions 

We are interested in constructing a Yang-Mills theory coupled to spin-i fermions 
in d spacetime dimensions with an additional symmetry: the number of bosonic and 
fermionic degrees of freedom are equal. We will call this symmetry supersymmetry. 

A massless gauge potential in d dimensions has d — 2 on-shell real degrees of 
freedom. A Dirac spinor in d dimensions has 2[''/^l on-shell real degrees of freedom, 
where [d/2] represents the integral part. These two numbers do not match in any 
dimension. In order to demand the additional symmetry, we will have to reduce 
the number of fermionic degrees of freedom by requiring the spinor to satisfy some 
supplementary conditions. 

Let us consider a Yang-Mills theory coupled to massless spin-^ parti- 
cles on a d-dimensional flat Minkowski space R^^'^'^^-'^' with signature gmn = 
diag(— , ,+), where to, n = 0, 1, 2, • • • ,{d~ 1). The metric is 

ds^ = ^ g„,„d2;'"dx" = -idx^f + {dx^f + ■■■ + {dx^'^-^'^f . (1) 

The theory has a gauge field Am taking values in the real Lie algebra of a 
compact gauge group G. The gauge field takes values in anti-hermitian matrices, in 
the adjoint representation of G. The covariant derivative Dm is 

Dm = dm + Am , (2) 

The corresponding curvature Fmn is 

We add a fermionic term to the d-dimensional Yang-Mills action. The fermions are 
contained in a Dirac spinor A taking values in the Lie algebra of G. 
The action is 

5 = Tr y - -^FmnF""' + i\V"'Dm\) , (4) 

where F™ are the c?-dimensional gamma matrices. Since anti-hermitian matrices 
generate the Lie algebra in our case, the trace Tr is negative definite. 

We examine the dimensions in which the action Q permits the extra symmetry 
- supersymmetry - between the gauge bosons and the fermions without the addition 
of other fields. The requirement of same number of bosonic and fermionic degrees 
of freedom is essential for field theories that transform as linear representations 
of supersymmetry. Since the spinor degrees of freedom grow faster than that of 
gauge bosons, we will reduce the number of spinor degrees of freedom by imposing 
some additional conditions on the fermions. Before we choose those conditions, a 
familiarization with spinor representations in arbitrary dimensions would be useful. 
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2.2. Spinors in higher dimensions 

The Lorentz group, the symmetry group of Minkowski space, admits finite- 
dimensional representations. Spinors appear as fields that transform under finite- 
dimensional representations of the Lorentz group. 

We use the language of Clifford algebras to discuss the spinor representations in 
d dimensions. A Clifford algebra is a set of matrices (we call them gamma matrices) 
satisfying the anticommutation relations: 

where m, ri = 0, 1, • • • (d — 1). 

Given such a set of matrices, we see that the following antisymmetric matrices, 

E™" = -^[r™,r"] = -S"" , (6) 

satisfy the commutation relations of the Lorentz group generators: 

The matrices E™" give a d-dimensional representation of the Lorentz algebra. They 
are a set of antisymmetric tensors transforming according to the d-dimensional 
Lorentz vector representation of SO {I, d—1). They act on the space of fields called 
Dirac spinors. The algebra generated by E™" yield the spinor representation of 
50(1, d- 1). 

The d-dimensional representation of the Lorentz algebra generated by E™" is 
not always an irreducible representation. To see if a given representation is reducible 
or not, we need to consider separately the case where d is an odd or even dimension. 

We begin with the construction of gamma matrices in even dimensions, d = 
2k + 2, where k = 1, 2 , • • • . We group the gamma matrices into a set of raising and 
lowering operatorg^l^ 

4 = i(±ro + ri) , 

= ^(T2a±tT2a+l) , (8) 

where a = 1, • • • ,k. These operators satisfy the following anticommutation relations: 

{uf.uj} = S^j ,z, j = 0, 1, • • • ,k 

{ut,u+} = {ur,uj}=0 , (9) 
along with the conditions: 

{utf = iu-f=0. (10) 

We can let u~ operators act repeatedly on any spinor state to reach a spinor |^) 
annihilated by all m~'s 

u-\^)=0, foralH. (11) 
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Now we can let the creation operator uf act on |^), at most once each, in aU possible 
ways to obtain a spinor representation. The spinor states obtained in that way are 
given in Table [1] 



Table 1. Spinor states and their corresponding numbers. 



states 


10 










number 


1 


k+ 1 


fc+lC'2 




1 



The total number of states is 

l+(fc+l)+ fc+lC2 + 



fc+1 

1 = ^ k+lCn 



2fe- 



fe+i 



2d/2 



(12) 



This representation has dimension 2'"'+^. The spinor representation is given by 

\sosi---s,)^iutr+^---iu+r"+^\o , (13) 

where each of Si is The |^) we started with contains all Si = — ^. 

The matrix elements of F™ can be derived from the definitions and the anticom- 
mutation relations by taking the {sqSi ■ ■ ■ Sk) as a basis. 

The generators T,2i^2i-i form a commuting set. We consider the operator 

1 
2 

The basis vectors |soSi • • • s^:) defined above form simultaneous eigenstates of all the 
Si's with eigenvalues s^. 



(14) 



S'ilsosi ■ ■ • Sfc) = Si\soSi • • • Sfc) . 



(15) 



The half-integer eigenvalues show that this is a spinor representation. The spinors 
form the 2'^+^-dimensional Dirac representation of the Lorentz algebra S0{1, 2fc+l). 
For example, in d = 4, the states | ± ^, form a four component Dirac spinor. 

Noting that increasing d by two doubles the size of Dirac matrices, we can give 
an iterative expression for gamma matrices in even dimensions starting in d = 2. 

The gamma matrices in d = 2 are: 



F0 = 

Then in d = 2fc + 2 with k 

p(d-l) _ - 



1 

-1 



1,2, 



-1 
1 

1 

1 

-i 

1 



Fi = 
we have, 
, m = 



1 

1 



(16) 



,d-3 



(17) 
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with 7™ the 2'' x 2'' Dirac matrices in d — 2 dimensions and I the 2*^ x 2'' identity. 
The 2x2 matrices act on the index Sk, which is added in going from 2k to 2 A; + 2 
dimensions. 

For representations in odd dimensions, we need to add a new gamma matrix 
Td^i to the Tm matrices. Let us define T^^i in the following section. 

2.2.1. Weyl spinors 

Since the generators E"*" are quadratic in the gamma matrices, the spinor states 
ISO'S! • • • Sfc) with even and odd numbers of +is do not mix. This indicates that 
the Dirac representations in even dimensions are reducible representations of the 
Lorentz algebra. 

We define a new gamma matrix: 

rd+i = rtori---rd_i , (i8) 

which has the properties: 

{Va+if = i, {rd+i,r"} = o, [rd+i,s""] = . (i9) 

All the Dirac spinor states arc cigcnstatcs to F^+i 

Td+ilsosi ■■■Sk) = ±|sO'Si • • • Sk) , (20) 

with eigenvalue +1 for even numbers of Si = +i and —1 for odd ones. 

Since Fd_|_i commutes with the generators of the Lorentz algebra S"™ cannot 
furnish an irreducible representation of SO{l,d— 1). The Dirac representation, let 
us denote it by S, breaks down into two 2'^-dimensional irreducible representations 
§+ and §~. These representations are called Weyl (or chiral) representations, and 
they can be obtained by projecting out the two subspaces using Fd+i. We define a 
projection operator: 

P± = l(I±Frf+i) . (21) 

The Lorentz generators and representation now split into two parts: 

S±„=P±S„„, S±=P±§. (22) 

The spinors obtained in this way are called Weyl spinors. 

In d = 4, the Dirac representation is the familiar four-dimensional one, which 
separates into two two-dimensional Weyl representations distinguished by their 
eigenvalue under the chirality operator T^. 

4Dirac = 2 + 2' . (23) 

Here we have labeled a representation S by its dimension (in boldface). \n d= 10, 
the representations are: 

32Dirac = 16 + 16' . (24) 
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To get representations in odd dimensions, d = 2A: + 3, we simply add Td+i to 
the gamma matrices for d = 2k + 2. The set of creation and annihilation operators 
is the same as that of d 2fc + 2. This is now an irreducible representation of the 
Lorentz algebra because E™'' anticommutes with r^+i. Thus, there is a single spinor 
representation of 50(1, 2k + 2), which has dimension 2'°+^. There is no chirality in 
odd dimensions. 

For k even, the Wcyl irreducible representations arc equivalent to complex con- 
jugates of each other. While for k odd each Weyl representation is equivalent to its 
own complex conjugate. The Weyl representations can only be real for fc = 1 (mod) 
4 and must be pseudo-real for = 3 (mod) 4. 

The Lorentz generators S„j„ in odd-dimensional case furnish an irreducible rep- 
resentation of the Lorentz group by themselves. In each odd dimension, the funda- 
mental spinor representation is either real or pseudo-real. 

2.2.2. Majorana spinors 

The above construction of the irreducible representations of gamma matrices shows 
that, in even dimensions, d = 2k + 2, the irreducible representations are unique up 
to a change of basis. That is, for any set of gamma matrices {r™} and {F™ } both 
satisfying the Clifford algebra, there exists a nonsingular matrix M, such that 

Tm = MT'^M-\ for allm = 0,l,---rf-l . (25) 

Thus, the matrices (F™)* and -(F™)* satisfy the same Clifford algebra as F'". This 
implies that the Dirac representation is its own conjugate in even dimensions. 

We can impose a condition that relates the spinor state |^)* to |^). This condition 
must be consistent with Lorentz transformations and so must have the form: 

\0*=B\0, (26) 

with B, a nonsigular matrix satisfying 

BTT'^B-^ = -(E™")* . (27) 

Such a condition, called the Majorana (or reality) condition, is consistent only if 
BB* = 1. 

Using the reality and anticommutation properties of the gamma matrices, one 
finds 

B*B = (-l)Mfe+i)/2 or (-l)Mfe-i)/2 _ (28) 

Thus, a Majorana condition is possible only if fc = or 3 (mod) 4 for the first 
case, and for fc = or 1 (mod) 4 for the second case. If fc = 0, both conditions are 
possible, but they are physically equivalent. They are related to each other through 
a similarity transformation. 

The Majorana condition on a Dirac spinor A is: 

A = CJ^ , (29) 
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where C is the charge conjugation matrix. It transforms the Lorentz representation 
matrices in the following way: 



Tabic 2. Wc can impose various conditions on SO(l,d — 1) 
Dirac spiiiors in various dimensions. For the Wcyl rcijrcscuta- 
tion, it is indicated whether these are conjugate to themselves 
(self) or to each other (complex). The smallest representation 
in each dimension, counting the number of real components, is 
given in the final column. A dash indicates that the condition 
cannot be imposed. 



d 


Majorana 


Weyl 


Weyl-Majorana 


min. rep. 


2 


yes 


self 


yes 


1 


3 


yes 






2 


4 


yes 


complex 




4 


5 








8 


6 




self 




8 


7 








16 


8 


yes 


complex 




16 


9 


yes 






16 


10 


yes 


self 


yes 


16 



2.2.3. Weyl-Majorana spinors 

Imposing a Majorana condition on a Weyl spinor requires the Weyl spinor represen- 
tation to be conjugate to itself. For k odd, which is = or 4 (mod) 8, it is therefore 
not possible to impose both the Majorana and Weyl conditions on a spinor: one can 
impose one or the other. Precisely for fc = (mod) 4, which is d = 2 (mod) 8, a 
spinor can simultaneously satisfy the Majorana and Weyl conditions. 

Tabic 3. Conditions on spinor degrees of 
freedom in various dimensions. Note the 
bold numbers indicating the matching of 



fermion and 


jauge 


field dej 


;rees 


of freedom. 




Ad 


Am 


\w 


XwM 


3 1 


2 


1 






4 2 


4 


2 


2 




6 4 


8 




4 




10 8 


32 


16 


16 


8 



We can have Majorana spinors in = 2, 3, 4, 8, 9, 10, and Weyl spinors in d = 
2, 4, 6, 8, 10. For the cases d = 4, 8, while one can, in principle, impose a Majorana 
condition, this condition is incompatible with the Weyl condition and, thus, there 
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are no Weyl-Majorana spinors for d = 4,8. For d = 2,10, we can impose both 
Majorana and Weyl conditions, that is, we have Weyl-Majorana spinors (See Table 
[2]). The Weyl-Majorana spinors in d = 2 and d = 10 are particularly important 
because of their relevance in string theory. 

Imposing a Majorana or Weyl condition on the spinor, though, reduces its de- 
grees of freedom, each by a factor of one half. Starting with d = 3, the various 
possibilities for matching the degrees of freedom of a gauge field A„i to those of 
Dirac (An), Majorana (Aj\/), Weyl (Xw) and Weyl-Majorana (Xwm) spinors are 
shown in Table [3] 

Note that in d > 10 there are no solutions to our matching problem on fermion- 
gauge boson degrees of freedom. That is, d = 10 is the highest dimension in which 
we can have a SYM action (on a flat spacetime without adding extra fields). 

2.3. Supersymmetric Yang-Mills theory in ten dimensions 

The SYM action in ten dimensions has the form 

S^Tt J d^°x(^ - ^FranF"'^ + zAT^AuA) , (31) 

where Fmn is the ten-dimensional curvature, m,n = 0,1,--- ,9; A is a Weyl- 
Majorana spinor (it is known as a gaugino) with its 8 degrees of freedom matching 
with those of the ten-dimensional gauge field Am- The Dirac spinor in ten dimen- 
sions has 32 degrees of freedom. This can be reduced to 16 by imposing the Weyl 
condition (decomposing A in to chiral and antichiral parts A± by applying the pro- 

— T 

jection operator P±). Imposing the Majorana condition A = CA on this Weyl 
spinor further reduces the number of degrees of freedom down to 8. Thus we ob- 
tain a Weyl-Majorana spinor with 8 degrees of freedom matching with those of the 
gauge field. 

The action (|3T|) is invariant under a set of transformations of the fields, called 
the supersymmetry transformations 

5s Am = ioiTmX , 

6s\ = S™„i^""a , (32) 

where the constant spinor field parameter a is a single Weyl-Majorana spinor pa- 
rameterizing the supersymmetry transformations. This is referred to as A/" = 1 
supersymmetry. In d = 10, there are 16 real supercharges corresponding to these 
transformations. 

The symbol 5s stands for the supersymmetric variation. For a generic field <&, 
it means: 

16 

5s^ = Y}^''Qa.^} . (33) 

a=l 

where Qa are the sixteen supersymmetries. The symbol [X, denotes, the graded 
commutator, XY — {—1)^-^^^^^Y X . We have \X\ — 1 when the field X is fermionic 
and |X| = when it is bosonic. 



December 30, 2011 1:23 WSPC/INSTRUCTION FILE SYMLATTICE 



Supersymmetric Yang-Mills theories with exact supersymmetry on the lattice 11 
2.4. Dimensional reduction to four dimensions 

We are interested in constructing jV = 4 SYM theory in four dimensions. To obtain 
this theory, we dimensionally reduce the ten-dimensional J\f = 1 SYM theory down 
to four dimensions. 



2.4.1. The method of dimensional reduction 

Let us consider compactifying one spatial dimension of M^'^"^"^) on a circle of radius 
R, that is, 

^jjgi,(d-2) ^ (34) 

The coordinates a;™, m = 0, 1, • • • , {d— 1) of R^'^''"^' decompose into (cc'^, z), where 
a;'* are the coordinates of M^'^''"^' and z the coordinate on the compactified spatial 
dimension S^. The limit i? — > 0, in which the compactified dimension shrinks to zero 
size, is called 'dimensional reduction.' To understand what happens to spacetime 
fields under this action, we consider the simplest case of a complex scalar field if 
with periodic boundary conditions on the compactified direction S^. This field has 
the Fourier expansion: 

^(x^ z) = -i= ^ Vnixne'"''^'' . (35) 

The kinetic part of the action for this field becomes: 
S^KE = J d''x"^^^(p^,^-m')^ 

= J d^'^-'^x^ J dV(n(d-i) + ^ 



TO^ 1 (fi 



t2 . 



nez 

The Fourier modes ipn{x^) acquire curvature dependent masses + n^/R'^. In the 
limit i? — > 0, the modes for n ^ become infinitely massive. It would cost an 
infinite amount of energy to excite such modes, and they therefore decouple from 
the theory. The only mode that survives in this limit is the zero mode (fo, with the 
kinetic action: 

S^ke'^ = I d^'-'^x'^^l - m^) ^0 . (37) 

We can extend the method of dimensional reduction to more than one space dimen- 
sions. Consider compactification on a torus T'^ = x ■ ■ ■ , k times, with each 
circle of radius R. The spacetime becomes: 

Rl>(d-1) J, ]Rl,c!-l-fe ^ -jpfe _ (38) 

The Lorentz group splits in the following way: 

50(1, - 1) H- 50(1, d-l-k)x isometrics on T'^ . (39) 
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The representations of the fields also take new forms. The covariant derivative, 
Dm = dm + ^m, acting on the zero mode of a field simply reduces to for 
m ^ II. The components of the covariant derivative in the reduced directions, Di 
for i = 1, ■ ■ ■ , fc, acting on a zero mode is just Ai on the mode. The gauge field 
components in the reduced dimensions, Ai i = 1^ ■ ■ ■ k, become a collection of scalar 
fields. 

In the limit i? — > 0, the isometrics on T*^ become the rotations on R'^, and we 
have the splitting: 

SO{l, SO{l, d-l-k)x SO{k) . (40) 

A spinor field decomposes into direct sums of representations of 50(1, d — 1 — fc) 
because of the tensor product structure of the Clifford algebra. The Lorentz group 
splitting is the same as in (|40l) . 

2.4.2. From TV = 1, d = 10 SYM toAf ^4, d^4 SYM 

Dimensional reduction of ten-dimensional M — 1 SYM theory down to four dimen- 
sions leads to an A/" = 4 SYM with the same number of supersymmetries. 
The Lorentz group 50(1,9) splits according to 

50(1, 9) ^ 50(1, 3) X 50(6) . (41) 

We will also be using the notation of Spin group, the double cover of the Lorentz 
group, in the later sections. The double cover splits according to 

Spin{l, 9) ^ 5pm(l, 3) x Spin{6) w Spin{l, 3) x 5[/(4) . (42) 

Dimensional reduction of the theory on a six-dimensional torus gives rise 
to a multiplet of four-dimensional fields possessing an additional 50(6) ~ 5[/(4) 
global symmetry. This internal rotational symmetry is known as the i?-symmetry, 
50ij(6), of the dimensionally reduced theory. 

After dimensional reduction, the ten-dimensional gauge field reduces to a four 
dimensional real vector A^, /i = 0, 1,2,3, transforming under the 50(1, 3) symme- 
try. The reduced components of the gauge field Ai, i = 1,2,-- - ,6 become six real 
scalars. The 50i^(6) becomes an internal symmetry mixing between these scalars. 
They transform as the second rank complex self-dual 6 of SU{4). 

The Clifford algebra splits up as follows: 

T;. = 7m ® h, r, « 7p, = 75 ® (^^^^ ) , (43) 

where 7^, /i = 0,1,2,3, are the ordinary 4x4 gamma matrices, and the 4x4/3 
matrices, with p,q — 1, 2, 3, 4, are given by 

{Ppq'jrs — ^pqrs: {p^'^\rs — 2^^^ ^klrs ; (^^) 

and the chirality matrix Fn, in terms of our usual 75 is: 

Fn = Fo • • • Fg = 75 ® Is . (45) 
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Finally, the ten-dimensional charge conjugation matrix is related to the four- 
dimensional matrix C by 

ft. = C8 (46) 

Imposing both Majorana and Weyl conditions on the Dirac spinor results in the 
structure 



.Rxs 



(47) 



where L = ^(14-75) and R = i(I- 75); s = 1, 2, 3, 4; and Xs = C'x'*^- We have four 
left-handed and four right-handed (Weyl) spinors. 

The spinor index 16 separates into (2,4) + (2,4) under 50(1,3) x S0{6). The 

ten-dimcnsional spinor becomes four Weyl spinors. 
Thus the dimensionally reduced action is 

S = J d^xTr ( - ii^^.F"" - ^D^AiD^Ai + ^[Ai,Ajf) 

-'-Tr (XV'D^X + iXTi[Ai, A]) . (48) 

The supersymmetry transformation laws take the following form after dimen- 
sional reduction 

SAij, = -iaP^A , 
SAi = —iaViX , 

sx = (V^.r^-^ + D.A.r'^^ + '-[A,A,]r^)a . (49) 



3. Topological field theory 

Supersymmetric field theories naively break supersymmetry when they are dis- 
crctizcd on a lattice. Topological field theories provide a crucial insight into estab- 
lishing the compatibility between SYM theories and lattice discretization. Certain 
supersymmetric field theories with extended supersymmetries can be discretized on 
a lattice while preserving at least one supersymmetry. The continuum limit of these 
discretized theories turn out to have a structure similar to that of topological field 
theories. In this section we briefly introduce a class of topological field theories and 
show how their structure is compatible with discretization on the lattice. 

As the name suggests, topological field theories are characterized by observablcs 
(correlation functions) which depend only on the topology (global features) of the 
space on which these theories are constructed. The non-dependence on local features 
implies that the observables of topological field theories are independent of the 
metric of the space on which they are defined. 
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The origin of topological field theories goes back to the work of Schwarz and 
Witten. In 1978, Schwarz showed^ that Ray-Singer torsiorQ could be represented as 
the partition function of a certain quantum field theory. In 1982, the work ofWittei^ 
provided a framework for understanding Morse theorj0 in terms of supersymmetric 
quantum mechanics. These two field theory constructions represent the prototype 
of all known topological field theories. 

There are two general classes of topological field theories: they are known as 
Witten and Schwarz type. In Witten type topological field theories, the classical 
action is trivial (zero or a topological invariant). In Schwarz type theories, classical 
actions are non-trivial. The prototype example of a Witten type theory is the Don- 
aldson theorjifl; the best known example of Schwarz type theory is the Chern-Simons 
theory. 



3.1. Yang-Mills theory and BRST invariance 

Let us begin our brief description of topological field theory focusing only on Witten 
type theory, as only this type eventually leads to a discretization on the lattice. 

We look at a conventional nonabelian field theory with gauge symmetry. The 
best example is Yang-Mills theory in four dimensions. The classical action is a 
combination of gauge field Lagrangian and Dirac Lagrangian. It is 

Sc = J d^xTi ( - ^F^.F^'' + ^{T^D^ - m)^) , (50) 

where the trace is over the generators of the gauge group G and the fermion multiplet 
'ijj belongs to an irreducible representation of G. The field strength is: 

< = d,A^ - d,At + /^^^A^A^ , (51) 

where f^^'^ are the structure constants of G. The covariant derivative is defined in 
terms of the representation matrices by 

D^=d^+A^T^. (52) 

The gauge-fixed (quantum) action after Faddeev-Popov gauge-fixing is 

S,^S, + J d^xTr [^lid'^A^r + c^{-d'^Df)c^) , (53) 

where ^ is a gauge parameter, and c and c are the Faddeev-Popov ghost and anti- 
ghost fields. 

The Faddeev-Popov ghost fields serve as negative degrees of freedom to cancel 
the effects of unphysical time-like and longitudinal polarization states of gauge 
bosons A^, and thus make the gauge theory a complete interacting theory. 



^Ray-Singer torsion is a particular topological invariant of Riemannian manifolds. 

''Morse theory is a method to determine the topology of a manifold from the critical points of only 

one suitable function on the manifold. 

•^Donaldson theory is the study of smooth 4-manifolds using gauge theory techniques. 
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There is a beautiful formal tool to implement this cancellation, known as the 
BRST formulation^ 9. 

Let us rewrite the gauge-fixed action by introducing a new commuting scalar 
field to expose the the symmetry associated with the BRST technique: 

Sg = Sc + J d^xTr ( - + B^df'A^ + c^i-D^" Df^^)c^^ . (54) 

The new field is not a normal propagating field, as it has a quadratic term 
without derivatives. These type of fields, which appear in the functional integral 
part but have no independent dynamics, are called auxiliary fields. We can eliminate 
them by using the equations of motion. We could also get rid of the dependence 
on B by integrating it in a functional integral with a standard Euclidean measure 
\dB\. This would bring us back to (1551) . the Faddeev-Popov gauge-fixed action. 

The BRST symmetry has a continuous parameter that is an anticommuting 
number. Let us denote it by e (we call this the BRST parameter), and consider the 
following infinitesimal transformation of the fields in the action: 













2 


6-c^ 


= eB^ 


SB^ 


= 



c c 



(55) 

The BRST transformation above is a global symmetry of the gauge-fixed action for 
any value of the gauge parameter ^. 

The BRST transformation has one more remarkable feature, which is a natural 
consequence of its anticommuting nature. Let be the BRST transformation of 
the generic field $ of the theory: 

= eg$ . (56) 
Then the BRST variation of vanishes: 

= . (57) 

That is, the BRST operator Q is nilpotent. 

The BRST operator gives a precise relation between the unphysical gauge boson 
polarization states and anti-ghosts as positive and negative degrees of freedom. We 
can use the principle of BRST symmetry to remove the unphysical gauge boson 
polarizations in nonabelian gauge theories. The complete quantum action, Sq, which 
comprises the classical action Sc together with the necessary gauge-fixing and ghost 
terms, is, by construction, Q-invariant. 

The change in gauge field A'^ involves the ghost field c^. In the infinitesimal 
gauge symmetry (Yang-Mills symmetry), transformation for given by A^ 
A"^ — {Dfj^O)^ we can replace the gauge parameter —9^ by the ghost field c^. That is. 
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gauge-invariant quantities are also BRST-invariant. We also see that all observables 
are given by BRST-invariant expressions, since all observables in a gauge theory 
must be gauge-invariant. 

With the ERST transformations, we can write: 



Sq = Sc + Q I d 



j4„ 



(58) 



We can show that the vacuum expectation value of QO for any (not necessarily 
Q invariant) functional O is zero. We write: 

(0> = j [dA][dc][dc] 0(A,c,c)e-^'(^'"'^) . (59) 

Let us rename the variables of integration in the following way: 

— + ) 

c^' =c^ + Sc^ . (60) 

where S — eQ is the ERST variation with e an arbitrary Grassmann number. The 
vacuum expectation value of O becomes: 

(O) ^ f [dA'][dc'][dc'] 0(A',c',c')e-^'(^''"''") . (61) 



Assuming that the measure of integration is invariant, which it should be for con- 
sistency of the theory, we get the vacuum expectation value of O: 

(O) = J [dA][dc][dc] (0 + (5C')e-^«~*^« , 

= {O) + {SO) , (62) 

since 6Sq — 0. The change SO is the ERST variation of the operator O. We can 
thus write the above equation as 

(QO) = . (63) 



3.2. Introducing topological field theory 

Now that we are familiar with the basics of ERST quantization of gauge theories, 
we can move on to introducing topological field theories. Following Ref. [IO]we define 
a topological field theory as a field theory that consists of 

(i) A collection of fields $ (which are Grassmann graded) defined on a Riemannian 
manifold {M,g), 

(ii) A nilpotent operator Q, which is odd with respect to the Grassmann grading, 

(iii) Physical states defined to be Q-cohomology classes, 

(iv) An energy-momentum tensor which is Q-exact, i.e., 

To^=QK./3($,5) , (64) 
for some functional Vq./3 of the fields and the metric. 
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The collective field content of the theory $ includes the gauge field, ghosts, 
and multipliers. The theory has local gauge symmetry, and, as we briefly discussed 
before in the case of Yang-Mills, we can construct a BRST type operator Q that is 
nilpotent. We denote the variation of any functional 0{^) as: 

50 = Q0 . (65) 

The physical Hilbert space is deflned by the condition: 

Q Iphys) = . (66) 

Furthermore, a physical state of the form: 

Iphys) = Iphys) + Olx) (67) 

is equivalent to |phys), for any state |x)- A state is called Q-closed if it is annihilated 
by Q, while a state is called Q-exact if it is of form Q\x)- Thus the physical Hilbert 
space splits into different equivak^nec^ classes callcid Q-cohornology classes. 

We take Q to be metric independent, which is the simplest situation to deal 
with, also the best choice of connecting SYM theories with global supersymmetries. 
For a theory defined on some manifold M, with a metric Qc/b, the energy- momentum 
tensor TajS is defined by the change in the action under an infinitesimal deformation 
of the metric: 

Sg = l [ d^x^5g"^T„0 . (68) 

We assume that the functional measure in the path integral is both Q-invariant and 

metric independent. 

We now consider the change in the partition function: 



SgSa 



Je-^' , (69) 
under the infinitesimal change in the metric: 

= y [d$]e-^' d^x^Sg'^^QV^p) . (70) 



Let us denote: 



Thus, we have 



X = -l f d^x^Sg'^^V^^ . (71) 
SgZ = J [d$]e-^'Qx = (Qx) = . (72) 



December 30, 2011 1:23 WSPC/INSTRUCTION FILE SYMLATTICE 



18 Anosh Joseph 

That is, the partition function Z is independent of metric deformations. It depends 
not on the local structure of the manifold, but only on global properties. Thus Z 
can be considered as a topological invariant of the theory. 

We can now move on to finding other metric independent correlation functions 
in the theory. Let us consider the vacuum expectation value of an observable 0{'b): 

(O) = j [d^Je-^'O , (73) 

and look for the conditions that are sufficient for this expectation value to be a 
topological invariant, that is, for Sg{0) to be zero. 
Following the steps as before, we find: 

6g{0) = l[d<f]e-''^{6gO - 5gS, ■ O) . (74) 

Assuming that O enjoys the properties: 

5gO = QR and gO = , (75) 

for some i?, we have that 

6g{O) = {QR) + {Q{xO))^0 . (76) 

Now, it is clear that if O = QC, for some C, we automatically have (O) — 0. 
Thus, BRST invariant operators that are not Q-exact are topological invariants if 
they satisfy the condition 5gO = QR. 

In the case of Witten type theories, the complete quantum action 5g, which 
comprises the classical action plus all the necessary gauge-fixing and ghost terms, 
can be written as a BRST commutator, that is, 

Sq = QV , (77) 

for some functional V{^,g) of the fields, and Q is the nilpotcnt BRST charge. 

By using the Q-exact nature of the action, we can prove that the partition 
function Z and the above class of topological invariant correlators are also exact at 
the semi-classical level. Let us introduce a dimensionless parameter /3 to rescale the 
action Sq — > (3Sq and then consider the variation of the partition function under a 
change in /3: 

5pZ = - jld^e-^^oSgSp 

[d^e'f^^-'iQV) SP = Q . (78) 



This shows that Z is independent of (3, as long as /3 is non-zerqj. We can evaluate the 
partition function in the large-/? limit. Such a limit corresponds to the semi-classical 
approximation, in which the path integral is dominated by fiuctuations around the 



"^We cannot set /3 to zero, as the path integral requires a damping factor. 
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classical minima. In Witten type theories, such an approximation is exact. We can 
also establish the semi-classical exactness of the topologically invariant correlation 
functions in a similar way. 

It should be noted that topological hold theories do not admit dynamical exci- 
tations. That is, these theories have no propagating degrees of freedom. In Witten 
type theories, the BRST operator Q plays the role of a supersymmetry charge as 
well. The classical action for Witten type theories is: 

Sc = i^ , . , . . (79) 

[ or a topological mvariant 

This action admits a large amount of topological shift symmetry: 

A^'=A^ + e^. (80) 

From the structure of the topological shift symmetry, we can sec that each bosonic 
field has a Q-superpartner. We have defined our theory by the requirement that 
physical states are annihilated by Q. Hence, the superpartners are interpreted as 
ghosts, leading to a total of zero degrees of freedom. The energy of any physical 
state in these theories is zero, and, hence, there are no physical excitations. 

Thus, the number of degrees of freedom in a Witten type topological field theory 
and a conventional supersymmetric field theory are quite different. There are no 
physical degrees of freedom at all in Witten type theories. This may seem a little 
strange since from what we have described above topological field theories are also 
supersymmetric theories in their own right with supersymmetry charge Q. If we 
think of them as topological field theories, they have to satisfy the requirement that 
they have no degrees of freedom, while, on the other hand, if we think of them as 
supersymmetric field theories, we require them to have both bosonic and fermionic 
states. These two requirements do not contradict with each other if we look at 
these theories from the point of view of the so-called twisting of the supersymmetry. 
(We will describe the details of twisting in Section 3.) In the context of the lattice 
supersymmetry constructions, we are strongly dependent on this view point. 

We can construct topological field theories from SYM theories through the twist- 
ing process. The zero degrees of freedom restriction would then be eriuivalcnt to a 
projection to the vacuum states of the supersymmetric gauge theory. Once Q is cho- 
sen, we can change the physical interpretation of the supersymmetric gauge theory 
in the following way to make it a topological field theory: We restrict our interest 
to Q-invariant path integrals, observables, and states, and we consider anything of 
the form QO, for any operator O, to be trivial. Thus, the interesting observables or 
states lie in the cohomology groups of Q. Theories obtained after these restrictions 
are topological field theories. 

Since we will be interested in dynamical excitations of the (twisted) supersym- 
metric gauge theories, we will not impose these restrictions on path integrals, ob- 
servables, and states, but treat the theory as merely a twisted version of the original 
supersymmetric theory that exposes a nilpotent supersymmetry explicitly. 
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3.3. Constructing a topological field theory 

The original construction of topological quantum field theory by Wittenl^ showed 
that Donaldson theory can be realized as a four-dimensional "twisted" N = 2 SYM 
theory. There are different approaches to deriving the action of Witten's theory and 
a topological field theory in general. We briefiy describe them below. We will be 
interested in the third method, the method of twisting. 

3.3.1. Gauge-fixing topological shift symmetry 

Beaulieu and SingeJI^, and Brooks, Montano and SonnenscheirP^l noted that Wit- 
ten's theory can be derived by gauge-fixing the local transformation 

5A^, = < , (81) 

where is a gauge field in the adjoint representation. The gauge-fixing has two 
steps: BRST gauge-fixing to expose fermionic symmetries and Yang-Mills gauge- 
fixing of the gauge field. They started with a classical action that is BRST and Yang- 
Mills gauge-invariant. The set of classical actions that satisfy these conditions are 
the trivial classical action Sc — ^ and actions that are topological invariants (such 
as the theta term). 

The gauge-fixing condition that leads to Witten's theory corresponds to gauge 
field configurations with vanishing instanton curvature, 

= + i^M- = . (82) 

A series of topological gauge- fixing steps generate a set of ghosts and ghost for ghost 
fields, leading to Witten's Af — 2 SYM action in four dimensionim. 

3.3.2. Quantization through Batalin-Vilkovisky procedure 

The basic idea herein is to regard the instanton equation = as arising from a 
suitable classical action involving a linear combination of the F^ and an auxiliary 
self-dual field G^,^ . The equation of motion for G^i, becomes the Langevin equation 
for the system. This theory has an on-shell reducibility. Quantizing the theory with 
this on-shell reducibility requires us to make use of the Batalin-Vilkovisky quanti- 
zation procedurJlSl. The result is the quantum action of Af — 2, d ~ 4 SYM theory 
given by WitteiffH. 

3.3.3. Twisting the supercharges of Yang-Mills theory 

There is yet another way to understand the origin of the action given i This is 
the most useful way for us in the context of lattice supersymmetry. The motivation 
here is to obtain the (scalar) BRST supercharge by "twisting" a set of conventional 
(spinorial) supercharges. After twisting, we obtain an action that bears a formal 
similarity to that of Witten's four-dimensional N = 2 SYM theory. The twisting 
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procedure can obviously be applied to various classes of SYM theories with extended 
supersymmetries . 

It is most natural to use Euclidean signature in constructing topological quantum 
field theories. Twisting of the supersymmetries is problematic in Lorentz signature. 

4. Twisted super Yang Mills theories 

In Section 4 we briefly mentioned that we can twist the supersymmetries of SYM 
theories to derive topological field theories. Since topological field theories are most 
naturally related to Euclidean signature, we will be focusing on SYM theories on 
Euclidean spacetime. Our interest in constructing SYM theories on the lattice also 
require these theories to have a flat Euclidean signature. Although twisting is not 
consistent with Lorentz signature, we can usually return to Lorentz signature, if the 
theory is constructed on a manifold of type M = M.x W, by simply taking Lorentz 
signature on JR. 

We are specifically interested in the method of twisting, as it provides a way of 
studying a class of SYM theories on a flat Euclidean spacetime lattice. All SYM 
theories do not admit twisting; only SYM theories with extended supersymmetries 
{Af > 1) undergo twisting. Among the set of extended SYM theories, we focus on a 
special class of SYM theories that can be maximally twisted. 

In Section 2, we showed that SYM theories can be constructed only in certain 
spacetime dimensions. The theories we construct in that way are A/" = 1 SYM 
theories. We can construct SYM theories with extended supersymmetries through 
the method of dimensional reduction. In Table IH we show how a set of SYM theories 
with extended supersymmetries can be obtained through the dimensional reduction 
of a set of A/" = 1 theories in higher dimensions. 



Table 4. Dimensional reduction of a set of J\f = 1 SYM the- 
ories and their daughter theories in lower dimensions. Here 
(a, a) represents left- and right-handed supersymmetries. 





= 1, d = 
I 


10 


Af 


= l,d = 
i 


6 


JV 


= 1, d = 4 
i 


M 


= 2,d = 
i 


6 


M 


= 2, d = 
I 


4 


M 


= 2, d = 3 
I 


M 


= 4, d = 
i 


4 


M 


= 4, d = 
I 


3 


Af = 


(2,2), d = 2 


M 


= 8, d = 
I 


3 


M = 


(4,4), d 


= 2 






JV = 


(8,8), d 


= 2 













Theories with extended supersymmetries in d dimensions contain a (Euclidean) 
spacetime rotation group SO{d) and an i?-symmetry group, which we denote by 
Gr. Supersymmetric theories typically have global chiral symmetries that do not 
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commute with the supercharges. They are cahed "i?-symmetries." These symme- 
tries turn out to play a crucial role in twisting. We are interested in the full twist of 
the Lorentz group - called maximal twisting. Construction of a manifestly supersym- 
metric d-dimensional Yang-Mills theory through twisting requires the i?-symmetry 
group to contain SO{d) as a subgroup. That is, there should exist a nontrivial ho- 
momorphism from the Euclidean Lorentz group SO{d) e to the i?-symmetry group 
Gr. In Table [5] we list a set of Euclidean SYM theories with their Lorentz and 
i?-symmetries, and the existence of maximal twist in each case. 



Table 5. A set of Euclidean SYM theories with symmetry groups and the 
possibilities of maximal twist. 



Theory 


Lorentz symmetry 


-R-symmetry 


Maximal twist 


d = 2,M = 2 


50(2) 


50(2) X (7(1) 


Yes 


d = 2,M = A 


50(2) 


50(4) X 5(7(2) 


Yes 


d = 2,Af =8 


50(2) 


50(8) 


Yes 


d = 3,Af=l 


50(3) 


1/(1) 


No 


d=3,Ar =2 


50(3) 


50(3) X 5(7(2) 


Yes 


d = 3, Af = 4, 


50(3) 


50(7) 


Yes 


d = i,M=l 


50(4) 


1/(1) 


No 


d = A,M =2 


50(4) 


50(2) X 5(7(2) 


No 


d = A,M = A 


50(4) 


50(6) 


Yes 



The constraint on the minimal size of the i?-symmetry group forbids maximally 
twisted lattice formulation of some interesting class of theories, such as the M — 
2 SYM (the Seiberg-Witten theory) in four dimensions and the generic N = 1 
supersymmetric QCD theories. 

The well k nown = 4 SYM in four dimensions can be twisted in three different 
but only one of them, introduced by MarcuJff^l, undergo maximal 
twisting and, thus, leads to a lattice construction of this theory. The other two 
twists cannot be implemented on a lattice in a gauge covariant way. 

The twists of three-dimensional N = A and N — ^ and two-dimensional N = 
(8, 8), A/" = (4, 4) theories are presented by Blau and Thompsorff^. 

4.1. Twisting in d dimensions 

In this section, we briefly review the maximal twists of extended SYM theories in 
the continuum formulation on W^. From the list we created above we see that the 
i?-symmetry group possess an SO{d)R subgroup for six of the theories. The theories 
that allow maximal twisting have the property: 

SO{d)E X SO{d)R c SO{d)E x Gr . (83) 

To construct the twisted theory, we embed a new rotation group SO{d)' into the 
diagonal sum of SO{d)E x SO{d)R, and declare this SO{dy as the new Lorentz 
symmetry of the theory. This is called the twisted rotation group. 
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The details of twist construction are slightly different in each case. We focus on 
the general idea of twisting first and then go on to the special cases of interest in 
later sections. Let us assume that a fermionic field, which is a spacetime spinor, 
is in the spinor representation of the i?-symmetry group SO{d)ii as welE After 
twisting, the fermions become integer spin representations of the twisted rotation 
group SO{dy , since the product of two half-integer spins is always an integer spin. 
The fermions still preserve their Grassmann odd nature, but they are now irreducible 
antisymmetric tensor fields of the twisted rotation group. They can be expressed as 
a direct sum of scalars, vectors, anti-symmetric tensors, and other higher p-forms. 

The bosons of the theory, Grassmann even fields, transform as vectors d under 
the SO[d)' - the gauge bosons transform as (d, 1), and the scalars transform 
as (l,d) under the SO{d)E x SO{d)R. If there are more than d scalars in the 
untwisted theory (for example, Af = 4, d = A theory has six scalars), they become 
either 0-forms or d-forms under SO^d)' . 

It is clear now why we have used the the name maximal twist for this type of 
twisting. The twisting procedure involves the twisting of the full Lorentz symmetry 
group instead of twisting a subgroup of it. The four-dimensional Af — 2 theory can 
only admit a half twisting as its i?-symmetry group is not as large as the Lorentz 
rotation group SO{4)e- The other two theories. A/" = 1 in d = 4 and A/" = 1 in 
= 3 do not admit a nontrivial twisting as there is no nontrivial homomorphism 
from their Euclidean rotation group to their i?-symmetry group. 

The supersymmetries also take new forms under the twisted rotation group. 
They also transform like twisted fermions, in integer spin representations of the 
twisted rotation group. The scalar component Q of the twisted supersymmetries is 
nilpotent 

Q2 = . (84) 

The twisted superalgebra implies that the momentum Pa is now the Q- variation 
of something. That is, it is Q-exact. This fact renders it plausible that the entire 
energy momentum tensor may be Q-exact in twisted theories. This, in turn, implies 
that the entire action of the theory could be written in a Q-exact form 5* = QA. 
(In some cases, for example, A/" = 4 in d = 4 case, the twisted action is a sum of 
Q-exact and Q-closed terms.) The subalgebra — of the twisted supersymmetry 
algebra does not produce any spacetime translations. We can use this fact to carry 
the twisted theory easily onto the lattice. 

On a flat Euclidean spacetime, the twisted theory is merely a rewriting of the 
physical theory, and, indeed, possesses all supersymmetries of the physical theory. 
The twisted SYM theory can be made topological by interpreting the scalar su- 
percharge Q as a BRST operator. Then the observables of the physical theory are 
restricted only to a set of topological observables, appropriately defined correlators 
of the twisted operators. 



''It is the spin group Spin{d) to be more precise, but using SO{d) will also lead to same results. 
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Although the twisted formulation of supersymmetry goes back to WitterffH in 
the topological field theory construction of four-dimensional J\f — 2 SYM theory 
in the context of Donaldson invariants, thi s forrnulation h ad been anticipated in 
earlier lattice work using Dirac-Kahler fieldi^^t^H^^I^SIlll xhe precise connection 
between Dirac-Kahler fermions and topological twisting was found by Kawamoto 
and collaborators^^ They observed that the 0-form supercharge that arises 

after twisting is a scalar that squares to zero and constitutes a closed subalgebra 
of the full twisted superalgebra. It is this scalar supersymmetry that can be made 
manifest in the lattice action, even at finite lattice spacing " ^ ' '^" ' '-' ■ '^ i. 

4.2. Twisted A/* = 2, d = 2 SYM theory 

We begin with a simple example of the twist construction: the two-dimensional 
Af = 2 SYM theory. This theory can be obtained by the dimensional reduction of 
four-dimensional Af = 1 SYM theory. The global symmetry of the four-dimensional 
theory: 

SOi'i)E X C/(l) , (85) 

where SO{A)e is the Euclidean Lorentz symmetry and U{1) is the chiral symme- 
try, splits in the following way, after dimensional reduction, to become the global 
symmetry of the two-dimensional theory 

G^S0i2)EX SOi2)R,xUil)R, . (86) 

Here, S0(2)e is the Euclidean Lorentz symmetry; S0{2)ji-^ is rotational symmetry 
along reduced dimensions and [/(l)/^^ is the chiral U{1) symmetry of the theory. 
We rewrite the symmetry group of the theory as: 

S0{2)e X SO{2)r, X U{1)r, ^ SO{2)e x SO{2)r, x S0{2)r, . (87) 

Since the internal symmetry group contains two S'0(2)'s, we can maximally twist 
this theory in two ways. They are called the A- model and the B- model twists"^*^. In 
the A-model twist, the twisted rotation is defined as the diagonal SO{2) subgroup 
of the product of the Lorentz rotation SO{2)e and the (chiral) SO{2)r^ symmetry. 
In the B-model twist, the twisted rotation group is the diagonal SO{2) subgroup of 
the product of the Lorentz rotation SO{2)e and the (internal) S0{2)r^ symmetry. 

We will be focusing on the i?- model twist picture (it is also known as self- dual 
twist), since t he f orm of the twisted action resembles that of the orbifold construc- 
tions 35 36 | 37 |^ complementary and equivalent approach to lattice supersym- 
metry. 

The fermions and supersymmetries are now decomposed into integer spin rep- 
resentations of the twisted rotation group - there is a 0-form rj, a 1-form ipa and a 
2-form Xab- 

supercharges: Q Qa Qab 

fermions: rj ipa Xab 

number of fields: 12 1 
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The twisted formions transform under the twisted symmetry, 30(2)' x U{l)ii2J iii 
the following integer spin representation 

v'^i'a^xab — ^li©2_iell (88) 

The gauge field Aa transform as (2,l)o, and the scalars Ba transform as (1.2)o 
under the rotation group SO{2)e x S0{2)ji^ x [/(l)i^2. In the new rotation group 
SO{2y X ?7(l)ij2, they transform as (2)o. Naturally we can combine the gauge field 
and scalars to obtain a complexified gauge field in this type of twist, that is, 

Aa=Aa + iBa and Aa=Aa- iBa. (89) 

Thus, the complexified gauge bosons transform as 

Aa®Aa^2Q®2Q. (90) 

4.2.1. Supersymmetry transformations and twisted action 

The twisting process produces a nilpotent supercharge Q; it acts on the twisted 
fields in the following way: 

QAa = 

SV'a =0 
QAa=0 
QXab — —J^ab 

Qri = d 

Qd = (91) 

where d is an auxiliary field introduced for the off-shell completion of the super- 
symmetry algebra. It has equations of motion: 

d=\Va,Va]. (92) 

The twisted theory has complexified covariant derivatives and field strengths. For 
a generic field we have: 

Va^ = + [Aa, , = + [Aa, • (93) 

The field strength takes the form: 

Tab = [Va,Vb], Tab = [Va,Vb] . (94) 

The action of the twisted theory can be expressed in a Q-exact form: 
S=qJ d'^xTr A 
= Qj d^xTi (xabJ'ab + r][Va,Va] - ^r,d) . (95) 
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After Q-variation and integrating out the field d yields 

S J (fxTl - Fab^ab + ^['Da,'Da]'^ ~ Xafc^^faV'b] " V'^ai'a^ ■ (96) 

The action is Q-invariant by construction 

25 = Q^A = . (97) 
This theory can be made topological by regarding Q as a BRST charge. 

4.2.2. The twisted supersymmetry algebra 

The two-dimensional supersymmetry algebra of the untwisted Af = 2 theory has 
the form 

{Qa^,QpJ}^^S^na0Pa , (98) 

where Qai is supercharge, the left-indices a(= 1,2) and the right-indices i(= 1,2) 
are Lorentz spinor and internal spinor suffixes labeling two different Af — 2 super- 
charges, respectively. We can take these operators to be Majorana in two dimensions. 
Pa is the generator of translation. 

The process of twisting leads to the decomposition of the above supercharges 
with double spinor indices into scalar, vector and pseudo-scalar components: 

Qm = (IQ+7"Qa+7'Q)m, Q ^ ^abQab ■ (99) 

These are the twisted supercharges of the two-dimensional JV = 2 SYM theory. The 
supersymmetry relations can be rewritten by the twisted generators in the following 
form: 

{Q,Qa} = Pa. {Q, Qa} = -eabP\ (100) 

Q'' = Q^ = {Q,Q} = {Qa,Qb} = . (101) 
This is the twisted M ~ d ~ 2 supersymmetry algebra. 



4.2.3. Connection with Dirac-Kdhler fermions 

The supercharges and fermions become tensorial in their representations as a re- 
sult of twisting. The twisted fermions appearing in the matrix form (|99)) can be 
considered as components of a geometrical object called a Dirac-Kahler fielcPS 

* = (^>a,Xab). (102) 

If we take a standard free fermion action for a theory with two degenerate Majorana 
species and replace the fermions by matrices, we find that the action can be easily 
written ai^ 



Sf = Tr *Va5a* 



(103) 
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Expanding the matrices into (real) components {riT^JaTXab) and doing the trace 
yields 

Sf = '^■qda'ipa + XabdlaA] ■ (104) 

This geometrical rewriting of the fermionic action yields the so-called Dirac-Kahler 
action, which is most naturally rewritten using the language of differential forms 
as38. 

= (* • (d-rft)^) (105) 

Here d and are the usual exterior derivative and its adjoint. Their action of 
d on general rank p-antisymmetric tensors (forms) yields a rank p + 1 

tensor with components Wf^^i.-.^ppp+i] and the square bracket notation indicates 
complete antisymmetrization between all indices. The dot notation just indicates 
that corresponding tensor components are multiplied and integrated over space. 
The operator d^ maps rank p tensors to rank p — 1. This recasting of the action 
in geometrical terms not only yields a nilpotent supersymmetry but allows us to 
discretize the action without inducing fermion doubles^. 

The choice of maximal twisting gives rise to t wisted fermions that are just suf- 
ficient to saturate a single Dirac-Kahler fielcP^ and, thus, leads to a lattice con- 
struction that does not suffer from the fermion doubling problem. 



4.3. Twisted A/" = 4, d = 4 SYM theory 

We begin with looking at the symmetries of the ten-dimensional Af = 1 SYM theory, 
as the theory we are interested in is obtained by the dimensional reduction of it 
down to four dimensions. Taking spinors into consideration, the rotational symmetry 
group of the ten-dimensional theory is Spin{10). The ten-dimensional Dirac spinors 
are in the spin representations S"*" and §~ of rank 16. These representations are 
complex conjugates of each other in Euclidean spacetime. We can define a Euclidean 
chirality operator Tfi in ten dimensions. It acts on the spin representations by a 
multiplication by ^i. (In (j20p . the chirality operator acts on Lorentz representations 
of Dirac spinor.), that is, 

rf-^§± = =F« §^ • (106) 

If e is the infinitesimal Grassmann valued parameter generating supersymmetry 
transformations then 

rf^e = -ie . (107) 

After dimensional reduction, the ten-dimensional Euclidean rotation symmetry 
group reduces to 



Spin{10)E Spin{A)E x Spin{6)ii , 



December 30, 2011 1:23 WSPC/INSTRUCTION FILE SYMLATTICE 



28 Anosh Joseph 

where Spin{4)E ~ SU{2) x SU{2) is the four-dimensional rotational symmetry 
group on and Spin{Q)ji ~ 5'[/(4)jj is the global i?-symmetry group of the di- 
mensionally reduced theory. 

The ten-dimensional chirality operator also splits into two Vf^ — r^F^, where 
F^ measures the Spin{A) chirality and F^ measures the Spin{6) chirality. Thus, in 
four dimensions, the chirality condition becomes 

Ffie F^F^e . (108) 

The complexification of Spin{A) is 5i(2,C) x SL{2,C) and the two spin rep- 
resentations corresponding to the two eigenvalues of F^ are (2,1) and (1,2) of 
SL(2, C) X SL(2, C)E|. They are pseudo-real in Euclidean dimensions. The spin rep- 
resentations of Spin{6) are the defining four-dimensional representation 4 of SU{A)i^ 
and its dual 4. Thus, the four-dimcnsional fermion fields transform under 

Spin{4) X Spin{6) - SL{2, C) x SL{2, C) x Spin{6) (109) 

as 

(2,1,4)® (2,1,4) . (110) 

The supersymmetries also transform the same way under Spin{A) x Spin{6). 

Now we introduce the maximal twisting of this theory. This twist was originally 
introduced by MarcuJ^. This twist plays a crucial role in the Geometric Langlands 
program as well. See Ref. |41] for a natural description of the geometric Langlands 
program using the (Marcus) twisted A/" = 4 SYM theory in four dimensions com- 
pactified on a Riemann surface. 

There is a nontrivial homomorphism from the four-dimensional rotation group 
Spin(4:) to the i?-symmetry group Spin{6) of the theory. That means there exists 
maximal twisting of the theory. We replace the Spin{4:) rotation group with a dif- 
ferent subgroup 5pm' (4) of Spin(4) x Spin{6). Though the new S'pm'(4) group is 
isomorphic to the original rotational symmetry Spin{4), and acts on the same 
way that Spin{4) does, it acts differently on the J\f = A gauge theory. 

We choose the homomorphism from Spin{4) to Spin(6), such that the action of 
Spin' (A) on S"*" has a non-zero invariant vector. Since the supersymmetry generator 
e takes values in S"*" (See ()106|) and ()107|) above), a choice of an invariant vector 
in will give us a S'pm'(4)-invariant supersymmetry. We will call it Q. This is a 
scalar symmetry under the Spin'{A) group, and it will automatically obey — 0. 

We describe below how the fields transform under the twisted rotation group. 
From the twist construction, we want the 4 of Spin{6) (= SU{4:)ii) to transform as 
(2, 1) © (1, 2) of Spin{4){= SU{2) x SU{2)). The 4 of Spin{Q), which is the complex 
conjugate of the 4, transforms the same way under Spin{A), since the (2,1) and 
(1, 2) of Spin{4) are pseudo-real. 

^The two-dimensional representation of the first SL(2, C) tensored with the trivial one-dimensional 
representation of the second S'L(2,C) gives (2, 1), and vice versa gives (2, 1). 
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We can embed the Spin{4){=SU{2) x SU{2)) in Spin{6) (= SU{4)r). This 
embedding commutes with the additional U(l) group. So our embedding is such 
that the 4 of Spin{6) transforms under SU{2) x SU{2) x U{1) as (2, l)i © (1, 2)_i. 
The 4 transforms as the complex conjugate of this, or (2, l)_i © (1, 2)i. 

We could also use the language of SO groups to describe the twist instead of 
Spin groups. To do so, we use the fact that the fundamental six-dimensional vector 
representation 6 of 5*0(6) is, in terms of Spin{6) — SU{A)ji, the same as antisym- 
metric part of 4 (g) 4. So 6 is the antisymmetric part of (2, l)i © (1, 2)_i, which is 
(2, 2)o © (1, 1)2 ® (1, l)-2- Here (2, 2) is the same as the vector representation 4 of 
50(4). So the 6 of 50(6) decomposes into the sum of a vector 4 and two scalars 
of 50(4). 

We can likewise analyze how the supersymmetries transform under Spin' (4). 
The 4 of Spin{6) transforms as (2, l)_i © (1, 2)i of Spin' (A) x C/(l), and the 4 as 
(2, 1)1 © (1, 2)_i. So using dnni) 

(2, 1,4) ©(2, 1,4) , 

the supersymmetries that transform as (2, 1) of S'pm(4) transform under Spin' (A) x 
C/(l) as 

(2. 1) ® [(2, l)_i © (1, 2)1] - (1, l)_i © (3, l)„i © (2, 2)1 , (111) 

and the supersymmetries that transform as (1,2) of 5pm(4) transform under 
5'pm'(4) X U{1) as 

(1.2) o(» [(2,l)_i© (1,2)1] =(l,l)-i©(l,3)_i©(2,2)i . (112) 
Thus, the supercharges and fermions transform under the new rotation group 

SU{2)' X S';7(2)' X U{1) 

as 

(1, l)_i © (2, 2)1 © [(3, 1) © (1, 3)]_i © (2, 2)1 © (1, l)_i , (113) 
or equivalently under the rotation group 

50(4)' X U{1) 

as 

l_i © 4i © 6_i © 4i © l_i . (114) 

As a result of this choice of embedding, the twisted theory contains supersymmetries 
and fermions in integer spin representations. They transform as scalars, vectors and 
higher rank p-form tensors: 

supercharges: Q Q^^ Q 

fermions: r] ipf_, Xt^u V'm V 

number of fields: 1 4 6 4 1 
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The four gauge bosons transform as (2, 2)o under the twisted rotation group. We 
label them as a vector field A^. Similarly, four of the six scalars of the theory are 
now elevated to the same footing as the gauge bosons; they also transform as (2, 2)o 
under the twisted rotation group. We label them as a vector field B^. The two other 
scalars remain as singlets under the twisted rotation group. We label them by (j) and 
0. Thus the bosons of the twisted theory transform as: 

5C/(2)' X SUi2y X [/(I) ^ (1, l)i ® (2, 2)o ® (2, 2)o (1, l)-i , (115) 

or equivalently 

50(4)'x[/(l)^li®4o®4o®l-i . (116) 

We parametrize the bosonic field content of the theory by 

bosons: (j) 4> 

number of fields: 14 4 1 



4.4. Supersymmetry transformations and twisted action 

We have seen that the two vector fields and of the twisted A/" = 4, d = 4 
theory transform the same way under the twisted rotation group. We can take the 
complex combination of these two vector fields to describe the twisted theory in a 
compact wajff^. Now there are two complexified connections in the theory: 

= + iB^ , 
A^ = A^ - iB^ . (117) 

It is possible to define three covariant derivatives and field strengthtii using these 
connections: 

D^- = d^ + [^^, • ], F^, = [D^, D,] , (118) 

• = a^ + [^^, • ], j-^, = , (119) 

- = 8^ + p^, • ], = . (120) 

To make contact with the lattice construction, which we will discuss in Section 5, 
we will go one more step further. We assemble the complexified gauge fields and the 
two scalar fields, 4> and into a single five-component complexified connection: 

Aa= {Af, = A^,+iB^„ A^^A^ + iB^, a = 1, • • • , 5 ; ^ = 1, • • • , 4 (121) 

where the fifth component A5 = 4> and = (f). Correspondingly, we package 
the fermions in the SU{5) x [/(I) representation (which is a subgroup of 50(10), 
the Lorentz symmetry group of the ten-dimensional theory) - they become five- 
dimensional scalar, vector and antisymmetric tensors {r],ipaiXab)- The original 

^We employ an anti-hermitian basis for the generators U{N). 
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twisted theory will then be obtained by simple dimensional reduction of a the- 
ory in five di mensions. A similar language arises in the orbifold construction of 
this theorji22l where the fermions and bosons transform in the representations of 
5[/(5) X [/(I): 

bosons: 10 5 © 5 

fermions: 16 1 © 5 © TO 

In addition to these fields, we introduce one auxiliary bosonic scalar field d for 
off-shell completion of the scalar supersymmetry. 

The nilpotent scalar supersymmetry Q now acts on these fields in a simple 
manner 

QAa = tpa 
Qi>a = 

QAa = 

QXab = —J'ab 

Qv^d 

Qd^O (122) 

The action of the twisted theory can now be expressed in a compact five-dimensional 
form, as a linear combination of Q-exact and Q-closed terms: 

S=QA + S 

Q — closed 5 

(123) 

where 

A = y Tr (xab^ah + Vpa, 2?a] - ^vd) , (124) 

and 

The invariance of the Q-closed term is a result of the Bianchi identity (or Jacobi 
identity for covariant derivatives) 

e-abcde'DcJ^de = ^abcde[T^c, [Dd^Ve]] = . (126) 

Carrying out the Q- variation and subsequently eliminating the auxiliary field d using 
the equation of motion, we can write down the action in terms of the propagating 
fields: 

S ^ J Tl- Tab^ab + ^[X>a,2?a]^ - Xab'D[ai'b] " ??2?aV'a 

- -j^^abcdeXde'DcXabj ■ (127) 
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We can obtain the twisted theory in four dimensions by dimensional reduction 
of this theory along the 5th direction. We write down the decomposition of five- 
dimensional fields into four-dimensional fields as follows 

V'a ^ -iA/x ® '7 

Xah Xl^u ® (128) 

The action (|127l) . after dimensional reduction, yields: 

-i^iPtJi - ^[0, i^A - vT^t^^tJ. - vil^iv] - x^T^^ii'u - \x*t,u\4'. Xt^A) , (i29) 

where the last two terms arise from the dimensional reduction of the Q-closed term 
with X*, the Hodge dual of x, defined as xl.u = ^e^i'pAXpA and i/;^ = \xbti- 

The twisted supersymmetry transformations take the following form after di- 
mensional reduction to four dimensions: 

QA^ = 0, Qxt^v ^ -yt^u 

Qv = d, Qd = 0, Q(t>^r] 

= (130) 

5. Supersymmetric lattices 

Continuum supersymmetric field theories when naively discretized on the lattice 
break supersymmetry completely. The attempt to arrive at the continuum limit of 
the renormalized lattice theories, by carefully tuning the coefficients of the coun- 
terterms, turns out to be unnatural and practically impossible in most of the cases. 
For this reason supersymmetric field theories resisted discretization on the lattice 
for a long time since they were discovered. 

We can easily identify the problem with discretization just by looking at the su- 
persymmetry algebra. It naively breaks on the lattice. The algebra {Q, Q} — jaPa 
is already broken at the classical level as there are no infinitesimal translation gen- 
erators on a discrete spacetime. Another way to realize this difficulty is by looking 
at the supersymmetry variation on the lattice. A naive supersymmetry variation of 
a naively discretized supersymmetric theory cannot yield zero as a consequence of 
the failure of the Leibniz rule when applied to lattice difference operators. 

At present there exist a new set of theoretical tools and ideas to construct a 
family of lattice models that retain exactly some of the continuum supersymmetry 
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at non-zero lattice spacing. The focus is to maintain a particular subalgebra of the 
full supersymmetry algebra in the lattice theory that contain some supersymmetric 
charges that are exact on the lattice theory. This exact symmetry will constrain 
the effective lattice action and protect the theory from dangerous supersymmetry 
violating counterterms. The resultant supersymmetric lattice theories turns out to 
be local and free of doublers, and, in the case of Yang-Mills theories, also possess 
exact gauge- invariance. These lattice models, in principle, form the basis for a truly 
non-perturbative definition of the continuum supersymmetric field theories. 

Having a lattice formulation of supersymmetric gauge theories is very advan- 
tageous, as it opens up a large arena of theoretical and numerical investigations. 
For example, the availability of a supersymmetric lattice construction for the four- 
dimensional A/" = 4 SYM theory is clearly very exciting from the point of view of 
exploring the connection between gauge theories and string/gravitational theories. 
The lattice formulation of this theory is important in its own right, even without 
the connection to string theory - it provides a non-perturbative formulation of a 
supersymmetric gauge theory. 

The geometric structure of twisted SYM theories allows them to be easily trans- 
ported onto the lattice. The fermions manifest themselves in integer spin represen- 
tations of the twisted rotation group. They carry the structure of anti-symmetric 
tensor fields. They also fill out the right number of ingredients to build a single 
Dirac-Kahler field. Such a construction suitably evades the fermion doubling prob- 
lem on the lattice. The nilpotent supercharge exposed by the process of twisting 
does not generate translations. This property makes the twisted theory to be dis- 
cretized keeping the nilpotent scalar supersymmetry unbroken. All these unique 
features make the twisted continuum theory well qualified to undergo discretiza- 
tion. We follow a geomet ric discretization scheme to construct lattice versions of 
the twisted SYM theories l ^^ l '^^ l ^^ l ^^ l '^^ ^ and it is detailed in Sub. sec. 5.1. 

There also exist other variants of exact lattice supersymmetry formulations in 
the literature. In Refs l46l and l47l lattice formulation of four-dimensional A/" = 4 SYM 
theory, which requires no fine-tuning i s co nstructed. Similarly, the four-dimensional 
N = 2 SYM theory can be constructecP. Interestingly, these formulations regular- 
ize the four-dimensional space-time by a two-dimensional lattice and fuzzy 2-sphere. 
Lattice formulation of two-dimensional N = (2,2), (4,4) SYM theories preserving 
nilpotent supercharges is presented in Refs. 49 and 50. Although it is not based 
on the geometric construction we will be discussing, it has been nonperturbatively 
shown that continuum limit of the formulation for two-dimensional M = (2, 2) 
SYM-^-l--^^ gives the same physics as the orbifold constructions'''^. 

5.1. Geometric structure of continuum and lattice action 

We begin the description of the lattice formulation of supersymmetric gauge theories 
by looking at the general structure of the continuum gauge theory. The bosonic and 
fermionic fields are in integer spin representations of the twisted rotation group. 
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The fermions are p-forms, that is, they are tensor fields in generaL We take the 
gauge group to be U{N) and represent all the fields in the adjoint representation of 
this gauge group. The continuum action, defined on a d-dimensional flat Euclidean 
spacetime has the following properties. 

The action is Lorentz invariant, and it consists of complex covariant deriva- 
tives Va and Da associated with a complex (not hermitian) connection Aa and its 
complex conjugate Aa, respectively, and a set of (bosonic and/or fermionic) tensor 
fields, {fif^-a^}, that is, 

(Va,Va,{f^t^-aj) ■ (131) 

The covariant derivatives can act on the tensor fields in a curl-like or a 
divergence-like operation. The curl-like operation gives 

Vaifif.laM} - da{f!.f}.aA^)} + [Aa{x) , {fi^} .a,{x)}] , 
VaififlaM} = daififlaM} + {Aa{x) , {fifL^}] ' (132) 

while the divergence-like operation gives 

VaAf^^Ki^)} = daAfi^^Ax)} + [AaMAf^:^-aAx)}] , 
^a,{/i^U(x)} = daAf^V-aM} + [ A. (2:) , {/i+'-a, (x) }] , (133) 

where (1 < i < p). 

We choose a hypercubic abstract lattice to write down the lattice versions of the 
SYM theorieS The p-form fields are mapped to lattice fields living on p-cells of the 
lattice. The p-cell lattice field can have two possible orientations. This orientation 
is physical and determines how the lattice fields are gauge rotated on the lattice. 
So we need to choose an orientation that respects gauge symmetry on the lattice. 
We choose the fields to be positively oriented, that is, the orientation of the field 
corresponds to the one in which the link vector has positive components with respect 
to the coordinate basis. 

We replace the complexified connections Aa and Aa with the following link fields 
on the lattice: 

Aa{x)^e'^^^"^=Uain) , 

A(x) e^"(") =Z7a(n) , (134) 

where n denotes the integer valued lattice site. 

The lattice action contains a set of site, link and p-form fields: 

^latt = Sutt(Ua{n),Ua{n),{f^atL,in)}^ . (135) 

Later we will see that there are more exotic lattice choices that expose the maximum amount of 
symmetry and thus impose stronger constraints on the counterterms on the lattice. We can write 
down a set of transformation rules that connects the basis vectors of such lattices with those of 
the hypercubic lattice. 



December 30, 2011 1:23 WSPC/INSTRUCTION FILE SYMLATTICE 



Supersymmetric Yang-Mills theories with exact supersymmetry on the lattice 35 

The fields on the lattice can be regarded as variables living on orientable links. 
As a result of this prescription the lattice variables Ua{n)^ Ua{n), (n)}, 

{/ir^Lp(w)} live on links (n,n + (n + /i„,n), {n,n + fl^^^ h MaJ and 

(n + /i^^ + • • • + /i^ , n) respectively. A site variable rj{n) lives on a link (n, n). 

For G{n) e U{N), the lattice variables translate under the gauge transforma- 
tions in the following way: 

Ua{n) ^ Gin + ^jAa{n)G\n) 
IfiV-aAn)} ^ G{n){fitKM)}G\n + + . . . + /i^J 

{/(-).,^(n)} ^ G(n + + • • • + /ia,){/ir-^-a,(n)}Gt(n) (136) 

Notice that these transformations respect the p-cell and orientation assignments of 
the lattice fields. 

The covariant derivatives Va {'Da) in the continuum become forward and back- 
ward covariant differences T)^^ {D^a^) and Va ^ (2?a ); respectively. They act on 
the lattice fields fif}.ap{n) in the following way: 

Vi+'>fit}.a^{n) = U,{n)fit^..a^{n + /i,) - + fi) 

Vl+'>fi;}.a^in) = U,in + fl)f^-\aAn + fi,) - fi;}.a,{n)Ub{n) 
V^C'\fiV-a,{n) = fi%^{n + 'iijA,{n + 'ii)-Ub{n)fi+l.a^{n) 
^i^Vt'-a,(n) = /ir.^.a,(n + AijZ76(n) -Z7fc(n + /i)/(-L,(n) (137) 

where we have defined /2 — X^iLi • 
5.1.1. Prescription for discretization 

Thus, from a given continuum twisted action in d dimensions, we can construct the 
lattice action using the following prescription for discretization. 

(i.) For complexified gauge bosons in the continuum Aa(x) and Aa{x), we introduce 

lattice link fields Ua{n) = e-^-^") and Ua{n) = e^-t"). 
(m.) a continuum p-form field will be mapped to a corresponding lattice p-forni 
field associated with a p-dimensional hypercubic lattice. The lattice site (n) is 
spanned by the (positively oriented) unit vectors {Pa^ ' ' ' Map}- The continuum 
fields become link variables and live on oriented links. The continuum complex 
covariant derivatives Va and Va become link variables Uairi) and Ua{n), and 
they live on the links (n, n + /i^j) and (n + p,^,n), respectively. The tensor 
fields f^'^}.ap{x) and /^^^^(x) become lattice variables f^f}.aj,in) living on 

links (n, n + Mai H ^ P'aJ and {n + p,^^ ~\ ^Jl^^,n), respectively. 

(Hi.) The curl-like complex covariant derivatives become forward covariant differ- 
ences given in (|132p . 
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(iv.) The divergence-like complex covariant derivatives become backward covariant 

differences given in (I133p . 
(v.) The gauge transformations of lattice variables are given in (I136p . 

5.2. Two-dimensional lattice Af — 2 SYM theory 

As a result of the geometrical discretization prescription the two-dimensional Af = 
2 lattice SYM theory lives on a two-dimensional square lattice spanned by two 
orthogonal basis vectors. The fermionic and bosonic fields live on sites, links and 
body diagonal of the lattice unit cell. 

The lattice covariant forward difference operator vi^'' acts on the lattice scalar 
and vector fields in the following way: 

- Ua{n)f{n + - f{n)Ua{n) , 
T^i^^fbin) = Ua{n)h{n + /ij - h[n)Ua{n + /i,) , (138) 

where /i^ is the unit vector along the a direction; there are two unit vectors: {fii, '^•2)- 
We have replaced the continuum complex gauge fields Aa by non-unitary link fields 

The lattice covariant backward difference operator T)^ replaces the continuum 
covariant derivative in divergence-like operations and its action on (positively ori- 
ented) lattice vector fields can be obtained by requiring that it to be the adjoint to 
2?i^'. Thus, its action on lattice vectors is 

^i"Va(n) = fa{n)Ua{n)-Ua{n - na)fa{n - Ma) • (139) 
The nilpotent scalar supersymmetry acts on the lattice fields in the following way: 

QUa{n) ^ tpa{n) 

QUain) = 
QXabin) = J"]ft(n) 
Qrj{n) = d{n) 

Qd{n) = (140) 

The lattice field strength can be written as: 

Fab{n) = V^+^Ubin) = Ua{n)Ub{n + /ij - Ub{n)Ua{n + /i^) . (141) 

It reduces to the continuum (complex) field strength in the naive continuum limit 
and is automatically antisymmetric in the indices. 

The supersymmetry transformations on the lattice, associated with the nilpotent 
supersymmetry, imply that the fermion fields '0a('^) have the same orientation as 
their superpartners, the gauge links Ua{n), and run from n to (n-|-/i^). However, the 
field Xabin) must have the same orientation as J'lbin) and hence is to be assigned 
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to the negatively oriented link running from (n + /i^j + /if,) to n. The negative 
orientation is crucial for allowing us to write down gauge-invariant expressions for 
the fermion kinetic term. The scalar fields ?7(n) and d{n) can be taken to transform 
simply as site fields. 



5.2.1. Gauge transformations on the lattice 

The gauge transformation properties of the lattice fields conveniently summarize 
these link mappings and orientations: 



r]{n 

Xab{n 
Ua(n 
Ka{n 



n) 

G{n)Mn)G\n + fl,) 

G{n + Ma + MXabMG'' {n) 

G{n)Ua{n)G\n + Tia) 
G{n + 'iijAa{n)G\n) 



The action is again Q-exact on the lattice: S = QA, where 

A = E (xab{n)Vi+^Ub{n) + i^{n)V^^^ Ua{n) - \ji{n)d{n) 



(142) 



(143) 



Acting with the Q transformation shown above and again integrating out the aux- 
iliary field d, we derive the gauge and Q-invariant lattice action: 



-Xa6(n)2?r^V^6](") - Va(n) 



(144) 



It is interesting to see that each term in the action forms a closed loop on the 
two-dimensional lattice. This is a requirement for preserving the gauge symmetry 
on the lattice. 













«i(n).Pi(n 



Fig. 1. Orientations of the twisted fields of the two-dimensional M = 2 SYM on a two-dimensional 
Euclidean lattice. 
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5.3. Four- dimensional lattice Af — 4 SYM theory 

The way we discretized the two-dimensional M — 2 theory on a two-dimensional 
square lattice immediately motivates us to choose the discretization of the four- 
dimensional A/" = 4 theory on a four-dimensional hypercubic lattice. The fermions of 
the four-dimensional theory live on p-cells of the hypercubic lattice unit cell, associ- 
ating themselves with the p-form representation of the continuum 5*0 (4) symmetry. 
The fermionic content of the hypercubic lattice construction manifest themselves 
as an explicit realization of Dirac-Kahler fermions. The bosons are also distributed 
on this lattice in orientations consistent with those of the fermions. The symme- 
try of the hypercubic lattice action is 5*4, much smaller than the symmetry of the 
hypercube itself, due to the orientation assignment of the fields. 

The gauge hnk fields Ua{n), a — 1,2,3,4, live on elementary coordinate direc- 
tions in the unit cell of the hypercube pointing in the direction (n,n -I- /l^j). The 
superpartners of the gauge link fields, tpain), also live on the same links and ori- 
ented identically. The field Uain) is oriented in the opposite direction {n + fi^^n). 
The complexified field strength Tabin) runs along the direction (n, n + fi^ + /i;,). 
By exact supersymmetry, this implies that the field Xabin) (and thus J-'at(n.)) runs 
in the opposite direction. 

The assignment oi U^{n) (and, thus, that of ip5{n)) is not immediately obvi- 
ous. The Dirac-Kahler decomposition demands a 4-form. This motivates assigning 
the lattice field to the body diagonal of the unit hypercube, which is a 4-cell. It is 
oriented along the vector /ig — (—1,-1,— 1,-1). We see that this assignment en- 
sures that fii + JI2 + ■ ■ ■ + fic, — 0, and it is crucial for constructing gauge-invariant 
quantities on the lattice. 

The basis vectors p,^ of the hypercubic lattice are thus defined a^ 

Ml = (1,0,0,0) 
= (0,1,0,0) 
Ma = (0,0,1,0) 
fl4 - (0,0,0,1) 

/ig- (-1,-1, -1,-1) (145) 

Though the four-dimensional fields come with five indices they are all taken care 
of with suitable orientation assignments consistent with the lattice gauge symmetry. 

On the hypercubic lattice the action of the four-dimensional theory takes the 
following form 

E {2 Tr [xabVi+^Utin) - 77(n) (p^W,(n) - ^d{n)J 

n,a,b.c,d,e 

-^Tr eabcdeXdein + p-a + Mb + 7j'c)'^l^'\ab{n + . (146) 



'These vectors are related to the r-charges defined in the orbifold formulation of the four- 
dimensional A/" = 4 lattice SYM theorjES. 



December 30, 2011 1:23 WSPC/INSTRUCTION FILE SYMLATTICE 



Supersymmetric Yang-Mills theories with exact supersymmetry on the lattice 39 

where the lattice field strength is given by 

Tab{n) = Vi+^Ub{n) = (Ua{n)Ubin + /IJ - Ub{n)Ua{n + /i^)) . (147) 

and the covariant difference operators appearing in this expression are given by 

!?(+)/(") = U,{n)f{n + /ij - f{n)U,{n) 
Vi+'^fdin) = U,{n)U{n + /ij - fd{n)U,{n + /ij 
^ fc{n) = fc{n)Uc{n) - Uc{n - Jijfcin - /ij 



T^i ^ fab[n) = fab{n)Uc[n - p,^) -U{n + fi^ + P-b - P'c)fabin-fiJ 



(148) 



The supersymmetry transformations on the lattice fields are almost identical to 
their continuum counterparts: 



QUa{n 

QXab{n 
Qri{n 
Qd{n 



V'a(w) 






-J'tbin) 



d 




(149) 



After the Q-variation, as performed in the continuum, and integrating out the aux- 
iliary field d, the final lattice action is: 

5 = ^Tr [f^Jf^, + \iv[-^Ua{n)f - Xab{n)v\^^ A]{n) - rKn)2?t(-)^^(„) 



-]:iabcdeXde{n + Ma + Mb + Pc)'^i \ab{n + PJ 



(150) 



To see that this action targets the continuum twisted theory one needs to expand 
Ua about the unit matri}f3''|j 



Uain) = lN+Aa{n) , 
l(a{n) = Iat - Aa{n) . 



(151) 



While the supersymmetric invariance of the Q-exact term is manifest in the lattice 
theory it is not immediately clear that the Q-closed term remains supersymmetric 
after discretization. Interestingly, this can be shown using a remarkable property of 
the discrete field strength, which can be shown to satisfy an exact Bianchi identity 
just as for the continuunJ^. 



eabcdeV[ ^Fabin + pj ^ 



(152) 



J Though this is equivalent to the more conventional expression Ua{n) = e-^»(") at the leading 
order, the linear representation offers important advantages over the exponential representation. 
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5.3.1. The A\ lattice construction 

There exists a more symmetric lattice than the hypercubic lattice for the four- 
dimensional A/" = 4 theory. This lattice is called the A\ lattice. On this lattice, we 
treat all five basis vectors equally and they are oriented in such a way that the basis 
vectors connect the center of a 4-simplex to its corners. Having a most symmetric 
lattice is advantageous because the greater the symmetry is, the fewer relevant or 
marginal operators will exist on the lattice. 

The lattice possesses an point group symmetry, which is the Weyl group of 
SU{5). We briefly described the SU{5) x {/(I) decomposition of the fields of the 
four-dimensional A/" = 4 SYM theory in Sec. 14.41 The discretization prescription for 
such a decomposition of the fields would be the Al lattice. A specific basis for the 
Al lattice is given in the form of five lattice vectors: 

1111 

■\/2' Vg' \/T2' V2O' 
1111 



ei 



62 = 



63 



64 



65 



\/2' Ve' \/T2' V20 



1 



1 



^ 2 
' Ve' \/T2' \/20 



0,0, 



12' V20 



0,0,0,- 



(153) 



These lattice vectors connect the center of a 4-simplex to its five corners. They are 
related to the SU{5) weights of the 5 representation. The unit cell of the A^ lattice is 
a compound of two 4-simplices corresponding to the 5 (formed by the basis vectors 
Em) and 5 (formed by the basis vectors —em) representations of SU{5). The basis 
vectors satisfy the relations 



5 



0; 



(5„ 



i^m) ^ ( 6771)1/ ^^71/ ^ t^T ^ l;'"' : ^■ 



Notice also that is a subgroup of the twisted rotation symmetry group 5*0(4)' 
and that the lattice fields transform in reducible representations of this discrete 
group - for example, the vector Aa decomposes into a four component vector 
and a scalar field 4> under 50(4)'. Invariance of the lattice theory with respect to 
these discrete rotations then guarantees that the theory will inherit full invariance 
under twisted rotations in the continuum limit. 

Proceeding in this manner, it is possible to assign all the remaining fields to links 
on the Al lattice. Since 4'a{'n) is a superpartner of Wa(n) it must also reside on the 
link connecting n n + e^. Conversely the field U\{n) resides on the oppositely 
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oriented link from n — > n — Cq. The ten fermions Xabin) are then chosen to reside 
on new fermionic links n + e™ + e„ — > n, while the singlet fermionic field is 
assigned to the degenerate link consisting of a single site n. 

The integer- valued lattice site n can be related to the physical location in space- 
time using the A| basis vectors e^. 

4 4 

R = a^^{^i^ ■ n)ei, ^ a'^n^e^ , (154) 

where a is the lattice spacing. On using the fact that X^m^m — 0, we can show 
that a small lattice displacement of the form dn = corresponds to a spacetime 
translation by (ae,„): 

4 4 

dR = a^(^y • dn)e.i, = a^(/ij, • p.rn)^f = ■ (155) 
i/=i 1^=1 

In the next section, we will use the lattice construction to study the one-loop 
renormalization of the four-dimensional A/" = 4 SYM theory. 

6. Lattice — 4 SYM theory at one-loop 

It would be very advantageous to have a lattice formulation of the A/" = 4 SYM 
theory as it would provide a non-perturbative definition of this theory and open up 
a new window to explore its strong coupling dynamics through lattice simulations. 
Such a lattice construction would also allow for a systematic study of its dual string 
theory. In the last section, the lattice version of this theory is derived and showed 
that the lattice theory on an lattice exhibits much more symmetry compared to 
the one on a four-dimensional hypercubic lattice. 

The A/" = 4 SYM theory in the continuum has sixteen supersymmetric invari- 
ances but the lattice cousine of this theory retains only one supersymmetry exactly 
on the lattice. This leaves room for the question of how much fine tuning would be 
required to take the continuum limit of this lattice theory targeting the usual A/" = 4 
theory. This issue is addressed in this section using both general arguments valid to 
all orders in perturbation theory and an explicit calculation of the renormalization 
of the lattice A/" = 4 theory to one-loop order. A more detailed discussion can be 
found in Ref. [54l 

6.1. General renormalization structure as revealed by symmetries 

The four-dimensional JV = 4 SYM theory on an Al lattice exhibits the following 
set of symmetrieJ^ 

i. The exact supersymmetry corresponding to the scalar supercharge Q. 
ii. Lattice gauge symmetry. 

Hi. The 5*5 point group symmetry and discrete translations on the lattice. 
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If the gauge group is U{N), the lattice theory possesses an additional fermionic 
symmetry: 

77(n) -> r]{n) + elN, S^{al\ other fields) = , (156) 

where e is an infinitesimal Grassmann parameter. Thus the set of symmetries con- 
tains one more item: 

iv. Fermionic shift symmetry. 

Following the conventions given in Ref. 1541 we use hermitian basis for the gen- 
erators of the gauge group satisfying Tr {T^T^) = \5^^ and also explicitly indi- 
cate the dependence on the gauge coupling g. There are three types of covariant 
derivatives and field strengths in the continuum theory due to the presence of the 
complexified connections: 

9 

1 

Va ■ = da+ ig[Aa, ' ], J^ab = --[Da.'Db] , 

Va- = da+ ig\Aa. ■ ], Tab = --[Da,Vb] . (157) 

9 

The continuum action is: 

S = J Tl (^Tab^ab + -^[Da.'Daf - Xab'D^ai'b] " 'H'Dalpa 

-]^iabcdeXde'DcXabj- (158) 

Rescaling of the fields g-q — > 77, gipa — ^ V'a, gXab — ^ Xab and gAa — > Aa provides the 
extraction of the coupling parameter dependence from the terms in the action: 

-]^iabcdeXde'DcXabj- (159) 

The lattice action take the following Q-exact form: 



S = 

9 



' n 

^Tr eabcdeXde{n + ^.^ + ^.1^ + fijVl^-^ Xabin + Ac)} > (160) 



2 

where the lattice field strength is given by 

Tab{n) = --Vl+^Ubin) 
9 



--{Ua{n)Ub{n + 'p.^)-Ub{n)Ua{n + fif,)]. (161) 
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We would be interested to see what the above mentioned set of symmetries of 
the lattice action tell us about the existence of any relevant or marginal operators 
- operators whose mass dimension is less than or equal to four - on the lattice. The 
Q-invariance of the action restricts the possible counterterms to be either of a Q- 
exact form, or of a Q-closed form. The only one Q-closed operator permitted by the 
lattice symmetries is the one already present in the bare lattice action as a fermion 
kinetic term. Thus a possible rcnormalization of this term is allowed. There may be 
a set of Q-exact counterterms appearing on the lattice. Any Q-exact counterterm 
we add to the action, which respects the lattice symmetries, must be of the form 

O = QTr (*/(W,Wt)) . 

There are, thus, no terms permitted by symmetries with a dimension less than two. 
Lattice gauge symmetry tells us that each term must correspond to the trace of a 
closed loop on the lattice. The smallest dimension gauge- invariant operator is then 
just Q{Trtpai^i)- But this vanishes identically, since both and ipa are singlets 
under Q. This structure also forbids dimension | operators, and so we are left with 
just dimension four counterterms. Notice, in particular, that lattice symmetries 
permit no simple fermion bi-linear mass terms. However, gauge-invariant fermion bi- 
linears with link field insertions are possible, and their effect should be accounted for 
carefully. Thus wc can write down in a schematic way the set of possible dimension 
four Q-exact operators 

Li=g-^QTY{TPaUl) 

Li = g-^QTr (ry)TV {UJAD (162) 

The first operator can be simplified to the form Q{XabJ^ab): by making use of the 
antisymmetry of Xab, and it is nothing but one of the continuum Q-exact terms 
present in the bare action. The second operator also corresponds to one of the Q- 
exact terms in the bare action. However, the third operator and the final double- 
trace operator are not present in the bare Lagrangian. They both transform 
non-trivially under the fermionic shift symmetry. However, the linear combination 
of the two 

D = La - ^^4 , (163) 

with N the rank of the gauge group U{N), turns out to be invariant under the shift 
symmetry. 

Thus the relevant counterterms correspond to renormalizations of operators that 
are already present in the bare action together with the new operator D. The most 
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general form for the renormalized lattice Lagrangian should be of the form: 



Tr 



+ QI3D , (164) 

where {ai,i = 1...4) and /3 are dimensionless numbers taking values (1,1,1,1) 
and respectively in the classical lattice theory. Thus, it appears that, at most, 
four dimensionless ratios of these couplings might need to be tuned to approach 
A/" = 4 Yang-Mills in the continuum limit. Furthermore, since these operators are 
dimension four, we expect this tuning to be, at worst, logarithmic in the cut-off. 

We could expand the action around Um{n) = ^Iat in order to see the explicit 
form of the D operator close to the continuum limit. 



D 



1 r, 



1 



Tr ii{n){Y^ ^"(n)) - -Tr ,7(n)Tr (^ ^"(n)) 



m— 1 



(165) 



where ellipsis are dictated by supersymmetry. We see that the 5*5 (and twisted 
50(4)') singlet field (X]a=i ^a)' which is contained in the reducible representation 
tpa, is the only field that could form a fcrmion mass term by pairing with 77. 

It turns out that the exploration using general lattice symmetry arguments re- 
veals a lot about the possible counter terms in the lattice theory. To determine how 
the couplings (cki, /3) evolve with the cut-off a full perturbative analysis is required. 



6.2. Lattice propagators and vertices 

The classical lattice action ()160p is a combination of three parts - bosonic (Ss), 
fermionic {Sp) and Q-closed terms [Sc)- After rewriting the field strength and 
covariant derivatives in terms of the bosonic link fields Ua{n) they take the following 
form: 



n,a,b 



2i 



Ti,a,h 



X \Ua{n)Ub{n + p-a) - Ub{n)Ua{n + /x^) 
+ \ {Ua[n)Ul[n) - Ul[n - tl,)Ua{n - JlS ' 



(166) 
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Sf = - 



^ n.a.b, c,d 

il;d{n)Uc{n + fi^)^ +'q{n)(i;ain)Ul{n) 



(167) 



and 



n,a,b,c,d,e 

X [xabin + fljUlin) - Ul{n + /i„ + ^f,)xab{n) 



To proceed further, we expand the Ua(n) fields around unity 

Uain) = -In + iAain) , 
a 

Ul{n) = -Iat -zA(n) • 



(168) 

(169) 
(170) 



This expansion point is but one of an infinite number of classical vacuum solutions 
- the full moduli space of the lattice theory corresponds to the set of all bosonic 
field variables Ua [n] such that 

n.a.b 

X 

1 



{Ua{n)Ub{n + /i^) - Ub{n)Ua{n + /ij 
+ ]^iUa{n)Ul{n)~Ul{n - fiaPain - M.) 



(171) 



These equations possess a large class of solutions corresponding to constant diagonal 
matrices modulo gauge transformations. This additional freedom can be used to 
compute the one-loop contribution to the effective action of the theory. 



6.2.1. The bosonic propagators 

The derivation of propagators and vertices of the lattice theory becomes easier if 
we switch to the momentum space. Consider a generic field $(x). On the lattice 
it has the Fourier expansion 

1 'sr^ 



$(x) 



p ' 



(172) 



where x = a X]a=i ^^a^a denotes the position on Al lattice!!. The momenta lie on 



the dual lattice and are given by p = |^ 12t=i ''^oQa (for a lattice with spacing 



''For simplicity we will adopt the convention that momentum sums automatically include the 
l/(La)'^ normalization factor. 
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and length L). The basis vectors of the dual lattice g^, a = 1 ... 4 satisfy the relation 

ea-gb = Sab ■ (173) 

Both sets of lattice coordinates Ua, ma take integer values in the range —L/2 + 
1, . . . ,L/2 on an lattice. We take the boundary conditions to be periodic in all 
directions while deriving propagators. On looking at (I172p we see that the fields are 
invariant under translations by a lattice length in any direction. A field shifted by 
one of the basis vectors can be expressed as 



<i>(x + e,) = }^e^P"e^P-^$p , (174) 
p 

where Pa = "^nia- Considering the fact that the A\ lattice has five basis vectors, 
we should know how to deal with shifts in the lattice action associated with the 
additional 65 vector. It turns out that we can simply replace any 65 shift encountered 
in the action by the equivalent shift — since X]a=i = 0- ^^^'^ seems 

like there is an apparent lack of rotational invariance associated with the naive 
continuum limit of terms in the action which resemble 2_/a=i ^^"^ Pa. - If decompose 
Pa = P ■ ^a and take the naive continuum limit they become 
5 545 4 

J2 sin' Pa^J2p- = Y.Y. Pt^p-'^aK = pI ' (1^5) 

a—1 a—1 iiM a— 1 /x 

with the correct rotationally invariant form. 

Thus, the bosonic action when expanded around (|169p and (|170p gives the fol- 
lowing second-order term in Fourier space 

(2) 



9^ 



2 ^ Tr (A(k) [(5,b/,(k)/:(k) - /:(k)/b(k)] A(-k) 
+Ba{\^) [/:(k)/,(k)] i?b(-k)) , (176) 



where 



/.(k) = (e^'=» - 1) . (177) 



We need to gauge-fix the bosonic action before deriving the propagators. A natural 
gauge-fixing choice would be an obvious generalization of Lorentz gauge-fixin^l^ 

G(n) = {di-'>Aa{n) + a'-) A(n)) . (178) 

a 

This gauge-fixing choice adds the following term to the bosonic action at quadratic 
order 

^OF = ^Yl G\n) = ^ E (9i-^ A,(n))2 , (179) 



n.a 



where di f{n) — f{n) — /(n — /x^). On using the relation 
^(5W/(n))5(n) = -E 



^(5W/(n))5(n) ^ ~Y fin)di-^ g{n) 
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the gauge-fixing term becomes 



n,a,h 



In momentum space it becomes 

Sgf^-Y^ Tr A,(k)/:(k)/,(k)A(-k) 



(180) 



(181) 



k,a,6 



Thus the gauge-fixed bosonic action to quadratic order is 



Sf+SOF « 2 ^ Tr (A,(k) [<5,b/,(k)/;(k) - (l - _)/*(k)/6(k)] A(-k) 

k,a,6,c 

+i?„(k) [,5,b/,(k)/;(k)] B;,(-k)) . (182) 



The choice a = 1/2 makes the above expression diagonal 

Sf « 2 ^ Tr A(k) [5abfc{^)fm] A(-k) 



2 5] Tr [A(k)(5.ft(4^sin2 (^))A(-k) 



(183) 



k,a,& 



Putting in the trace (using the convention Tr (T^T^) = ^Sab) the quadratic 
bosonic action can be written as 



S^B^^T.-^a (k)Mr(k)^f (-k) , 



(184) 



k.a.b 



where M^j^(k) ^ k'^SabSAB, with k^ = Aj^c^^^'^ (%)• Thus only the AA propa 
gator is non-zero and it is given by (See figure [21) 

1 



{A^{-k)A, (k)) = SabSAB 



k2 



(185) 



6.2.2. The fermionic propagators 

The fermionic part of the action, which has the fohowing form on the lattice 
Sf = -^ J2 Tr (xa6(n)2?f+Vfc](n) + r/(n)pt(-)^^(„) 



.,a,b.c,d,t 

+ ^eabcdeXde{n + Ma + Mb + fj' c)'^l'' \ab{n + fl^) 



(186) 



^f(-k) 



^f(k) 



^ab^AB 



k2 



Fig. 2. The bosonic propagators on the lattice. 
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when expanded up to second order in the fields using (|169|) and (|170p takes the 
form 

~ 4 E Tr Xab(k) [ - /:(k)(5b, + /,*(k)^,,]^,(-k) + 77(k)/,(k)V',(~k) 



+ \ eabcdeXde (k) e'C'" +^-^ ) (k)Xab (- k) 



(187) 



Upon restricting the sum and rescaling the field 2xab — ^ Xab the fermionic action 
becomes 

4'^ ~\ E Tr (xa6(k) [ - /:(k)<56, + /,*(k)5,J Vc(-k) + 77(k)/,(k)^,(-k) 



k,a<6;c,d<e 



+ ^ea6cdeXde(k)e^('="+'^^)/,(k)Xa6(-k) 

It is convenient to write this in the form of a matrix product 

4'^-3E(*(w-k)) {\ 



(188) 



M(k) 
-A/^(k) 



*(k) 
*(-k) 



(189) 



where $ = (*(k),*(-k)) and *i = (r?, V'l, • ■ • , V's, X12, • • ■ , Xi5, • • • , X45)- The ma- 
trix Af(k) takes the fohowing block matrix form 











/6(k) 

C?? Xde) (k) I -/a*(k) /g (k)5^„ - A (k)^^^ 

V -/rf*(k)5,fc + /,*(k)5<jfc 

^ghcde 



where Qgh = 6*^'^'+'^''^ The matrix M also has the properties Af'^(k) = — Af*(k) = 
-M(-k) . 

Upon using the property that /i^ = 0, we can square the matrix M to obtain 



^(k) = -E 1^''" - ll'llie - -4^sin2 (^)li6 = -k^Iie • 



(190) 



This implies, 

k2 

and the inverse of the full fcrmion matrix is: 

_i _ I ( -A/^(k) 



k2 V A/(k) 







(191) 



(192) 
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We write the quadratic part of the fermionic action as: 

c(2) 



— VTr 



^$,(k)X,^.(k)$,(k) 



iE E *f(k)A^i,(k)$f(k)TV(T^T^ 



45 



k ij,A,B 



= ^E E ^f{^)MM^fo.)6AB , 



(193) 



k ij,A,B 



where the fcrmions are expanded as $ = cS^T-^ and the property Tr {T^T'^) = 
\5ab is used. Thus, we write the fcrmion propagators as: 



or, alternatively. 



($f(k)$j^(k))=2Al-.i(k)5^B, 



(k)*f (-k)) = ^mI{\.)5ab . 



(194) 



(195) 



By switching the fields and with some relabeling, we have 
(-k)*f (k)) = -(*f (k)*f (-k)) 

= -^M^(k)5BA = -pM,,(k)5^B 

Notice that if we replace k with — k we have 

(-k)*f (k)) = ^M5(-k)5^B = -pM,,(k)<5^B 



(196) 



(197) 



We must also undo the earlier rescaling of the x field. This gives a factor of \ in the 
ipX propagators and a factor of ^ in the xx propagators. It should also be noted 
that switching the direction of fermion flow in the propagators would lead to an 
additional minus sign. 



x£(k) Sab p [(e"=' - - (e"=" - 



X^i(-k) 



Xfe(k) 



5AB^€„i,cdee'<*'<'+'=-'(e''=--l) 



Fig. 3. The fermionic propagators on the lattice. 
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6.2.3. The vertices on the lattice 

Since the expressions for vertices require additional trace contractions of the gauge 
group generators let us further fix the conventions on the trace algebra. We have 
for the generators of U{N), 

T^T"" = ^{dABC + ^.fABc)T'' , (198) 

where cIabc and /abc are the symmetric and antisymmetric structure constants, 
respectively. This product formula is consistent with our previous trace convention, 
Tr (T'^T^) = ^Sab, and, in addition, it yields the results: 

Tr iT^T^'T^) = TV {^-{dABD + ifABD)T''T^'^ (199) 

= l{dABD+ifABD)T^[T''T'^] 

= -^{dABD +ifABD)-^SDC 

= -^{dABC +ifABc) = -^^ABC ■ 

We have 

Aacb = Aabc , (200) 

since fABC is antisymmetric and dABC is symmetric. 

To derive the expressions for the vertices, we come beck to the original gauge- 
fixed action for the theory given by 



9 

+ 



2A,{n)di+^dl-^A,in) - (x„6(n)D[,+Vh](n) + r?(n)©t(-)^„(n) 



+ ^eabcdeXde{n + fla + p.b + tlc)'Dl'-'^Xab{n + il^)^ . (201) 

The last three terms of the action give rise to vertices between varying number of 
^'s and the fermions rj, ipa, and Xab- 

At linear order in A there are three vertices. They are: 

\m = -\5ab[\ABC -XABCe-'^^'+'^-^] , 

VxAtli = --^{-5ac5bd +<^ad^6c)[AABCe'^° - XABCe"^'^] , 

_e^iP.+P.+Po)^XABce"'' - AABce'(«''+«=^]) • (202) 
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6.3. Renormalized fermion propagators at one-loop 

The propagators and vertices described above can be used to construct four differ- 
ent amputated diagrams at one-loop. The renormahzed fermion propagators receive 
contributions from these amputated diagrams. 



• The amputated rjip diagram. 



IvAp) = E E E '5-p,k+q[i[(e*''' - l)Sac - {e''^ - 1)M 

k,q BC abc 





1 







ABC - A^Bce*^'="+«")] 



A-SbaScd + hd5ca)[>^BCDe - XBCDe'""] 



(203) 



«(p) 



i'aiv) P -k ')'^{k) 



-k x:^.(k) 



^f(q) 



-k xg(M) 



Q €-abcde 



e*(f-+'''+f-)[AABce**'° - XABce'^"'-^"'^]^ 



Fig. 4. The boson-fermion vertices on the lattice. 



December 30, 2011 1:23 WSPC/INSTRUCTION FILE SYMLATTICE 



52 Anosh Joseph 

• The first amputated V-'X diagram. 

-2k2 



k,q bcdefm BC 

1 



(204) 



The second amputated ipx diagram. 



(p) = EEE[ 



k2 



1^ 





- 1 ■ 








■ Sab 



r[AACB — A^cse 



k,q be BC 

■ [ - ^i-SdbSec + Sdc5eb)[XDCBe'''' - XocBe"^"] 
The amputated XX diagram. 

^xx(p) - E E E Wp,o[i[(e-^^-= - 1)5/, - (e-^-^ - l)<5/e 

k,q cde/ SC 



-i(Pa-?a)l 



(205) 





■ 1 ■ 




w 



^XACBe'P" - A^cse 



1, fp-ik,^ 
g ^abcde \^ 



'i(ga+«b)l 



^(-'5gc<5/j/ + (5g/(5,ic)[ABCDe 



BCD& 



(206) 



Notice that the contributions of these diagrams all vanish in the limit p 0. This 
implies that mass counterterms are not present in the lattice theory at one-loop. In 
Section 16. 1[ we argued that the only dangerous mass term involved a coupling of j] 
and ipa, revealed through the new operator D. Now we see that this term does not 
arise at one-loop. In the next section, we will see that this feature persists to all 
orders and, thus, leads to the conclusion that no mass counterterms are needed at 
any finite order of perturbation theory. 



6.4. The effective action 

The above result, the absence of boson and fermion mass terms, can be shown by 
deriving the effective action of the theory by invoking topological field theory ideas. 
We are interested in computing the partition function of the lattice theory in one- 
loop order around an arbitrary classical vacuum state in which the fermions vanish 
and the bosonic fields correspond to constant commuting matrices. On expanding 
the fields around such a constant commuting background, 

Uain) =Ua + iAa{n), Ul{n) ^Ul~ iAa{n) , (207) 
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and choosing the gauge a = 1/2, the quadratic part of the bosonic action takes the 
form 



(208) 



n.a.b 



The covariant derivatives here depend on the constant commuting classical back- 
ground [Ua{n),Ul{n)] — 0. After integration over the fluctuations in the bosonic 
fields, the bosonic contribution to the one-loop partition function is 

det-5(I?t(-)p(+)) . (209) 
The gauge-fixing functional ()178p leads to the quadratic ghost action: 

5G=5]TrcI?t(-)p(+)c. (210) 



The quadratic fermionic part of the action is given by the corresponding terms in 
(|160p . except that now the covariant derivatives depend only on the background 
fields. 

Since the background is constant, we can pass to momentum space in which the 
action separates into terms for each mode k. The 16 x 16 fcrmion matrix A/(k) for 
the mode k then can be shown to satisfy 



detAf(k) = det(2?t(-)(k)2?(+)(k))8 



(211) 



-4^(-q) 



ii) ip — ri diagram 




,?^(p) (-k) xf,(k) v^f (-P) 



(ii) First i) — x diagram 



-4^(-q) 




(iii) Second ~ X diagram 



^f(-q) 



A^(q) 




(p) r,«(-k) v>f (k) x£(-P) 



-4.(-q) 



(iv) X ~ X diagram 



^?(q) 




xf,(p) xi(-k) V^f (k) x^J-P) 



Fig. 5. One-loop diagrams of fermions and complexified gauge fields. 
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Going back to position space, and taking into account the fact that there is a double 
counting of modes in the matrix form (|189l) , we obtain 

Pf(M) = det^(pt(-)p(+)) . (212) 

The ghosts add another factor of det(I?Q^ ^Pi^"*), which is just what is needed to 
cancel the bosonic contribution given earlier. 

The conclusion is that the effective action of the lattice theory at one-loop ob- 
tained by expanding about an arbitrary point in the classical moduli space becomes 
identically zero. Similar to the continuum case, since the moduli space of the lattice 
theory is not lifted we can conclude that there can be no boson or fermion masses 
at one-loop. It is expected that this analysis can be extended to all loops. The topo- 
logical invariant nature of the partition function allows us compute it exactly in the 
semi-classical approximation. In Ref. |55l similar arguments are used to show that 
the vacuum energy of supersymmetric lattice theories with four and eight super- 
charges remains zero to all orders in the coupling. The calculation presented above 
extends that analysis to the case of sixteen supercharges. Thus, the conclusion is 
that the boson and scalar masses remain zero to all orders in the coupling constant, 
and in turn, the fermions also remain massless, which is consistent with the explicit 
one-loop calculation above. 

The expressions for the amputated one-loop diagrams derived above, Eq. (|203p - 
()206|) . contribute to the renormalization of the three twisted fermion propagators. 
This is sufficient to calculate ai,a2 and 04 that appear in the general action: 



^ n.a.b^c^d.e 

- yTr eabcdeXdein + + + P'c)'^l'-^hab{n + /ijj . (213) 

The extraction of the coefficient requires further work. One simple way to extract 
it is through a computation of the renormalized auxiliary boson propagator. 



6.5. One-loop diagrams for the auxiliary field propagator 

Instead of integrating out the auxiliary field d from the bosonic action, we look at 
the off-shell form 

Sb=Y1 {Kbin)^abin) - -d{n)Vl^-^Ua{n) + \d\n)) , (214) 

7i,a,b ^ 

where Tabin) = —-Vi'^^Uij^n) to compute the renormalized propagator for the d 
field. 

The Feynman rules for the fermions are identical to those of the previous (on- 
shell) analysis, but the boson propagators change and so they need to be recomputed 
in this off-shell scenario. On expanding the link fields around unity and using the 
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same lattice gauge-fixing term as before we find the momentum space form for tlie 
gauge fixing term: 



Sgf[A] = Tr A,(k)/:(k)/,(k)A(-k) . 



(215) 



k,a,fc 



It is convenient in this calculation to work with the real and imaginary parts of 
the complex gauge field explicitly, thus. 



Aa = Aa + iBa 



(216) 



The gauge-fixed bosonic action on the lattice to quadratic order in fields, with the 
choice a = ^, is then 

= ^ Tr2AJk)[5„,/,(k)/;(k)]^(-k) 

k,a,6 



+ 2i3a(k)[ja6/c(k)/:(k) - /:(k)/b(k)Ji?b(-k) 

-2id(k)/„(k)B„(-k) + id(k)d(-k) . 
The d — Ba system decouples from Aa to the order. Its action is given by 
S'i\d,Ba] ^ ^ Tr 2i?,(k)[5„;,/;(k)/,(k) - /:(k)/b(k)]i?b(-k) 

-2zd(k)/,(k)Ba(-k) + id(k)d(-k) . 



(217) 



or in matrix form 

{ d Ba) (k) 



\ -*/b(k) 
-*/:(k) Af„,(k) 



d 

Bb 



-k) 



(218) 



(219) 



where Mab(k) = 2[(5,b /,(k)/*(k) - /*(k)/b(k)]. Using standard identities for 
the inverse of a partitioned matrix, we find 

-1 



-z/:(k) Af„fc(k) 



We have Ec /c(k)/c*(k) = ^Y.A^^^{\) 
4EcSiii^ (^)' '^^^^ ^^^"^ lattice propagators are 
(d-4(k)d^(-k)) = 0, 



1 ( z/b(k) 

E,/c(k)/*(k) */a*(k) il5 

(220) 

and, as before, we define k-^ = 



{d^(\.)B^{-\.))=l5AB- 



k2 



{B^{\,)B^{-\.))=5ab6AB^^ ■ 

From (I217P the propagator for the A field is also 

(Af(k)Af(-k))=<5,,5^B^ 



(221) 
(222) 

(223) 
(224) 
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The d field is non-propagating at tree level as it should be since it is an auxiliary field. 
On using these propagators and those derived earlier for the bosons and fermions, we 
can now write down the generic Feynman diagram contributing to a renormalization 
of the auxiliary boson propagator. It is shown in figure [6] and represents the set of 
amputated diagrams possessing two external B field legs. These combine with the 
external {dB) propagators derived above to yield the renormalized propagator for 
the auxiliary field. The vanishing of the tree level (dd) propagators ensures that no 
amputated diagrams with 2 d field external legs contribute. 

The set of all such lattice Feynman diagrams is shown below and corresponds 
to a subset of the B field vacuum polarization diagrams. 

It is important to notice that almost all these diagrams appear in the continuum 
off-shell twisted theory. The exceptions are just the diagrams containing a BBd 
vertex that corresponds to the lattice vertex 

VdBB - (d^(-k-q)i?f (k)Bf(q)) = '-SabiXABC + XABc){l-e-'^''-+'"'^) . (225) 

These diagrams do not contribute to the divergent piece in the (dd) propagator 
at this order of perturbation theory since the above vertex vanishes as the lattice 
spacing is sent to zero. 

Hence, we are left with a set of diagrams that correspond to those of the equiva- 
lent continuum theory at one-loop order. This fact can be exploited to argue that the 
leading logarithmic divergences of the lattice theory are shared with the continuum 
theory. 

6.6. The divergence in the one-loop diagrams 

At this stage, the expressions we have in hand, the amputated one-loop diagrams 
that determine the renormalization of three fermion propagators and the set of Feyn- 
man graphs needed to renormalize the auxiliary bosonic field propagator would in 
principle, allow us to determine all four coefficients at appearing in the renormalized 
action (jl64p . The question of how much fine tuning of the lattice theory is required 
to regain full supersymmetry would be determined by the parts of those expressions 
that diverge as the lattice spacing is sent to zero. So it is necessary to evaluate those 
expressions for the one-loop integrals as the lattice spacing goes to zero. 

We first focus on the diagrams contributing to the fermion propagators. The 
one-loop fermion propagators all vanish as the external momentum goes to zero. 




Fig. 6. The generic diagram contributing to renormalized d propagator. 
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which is consistent with the earher effective action computation showing that no 
fermionic mass terms can be generated perturbatively. But coming to the ampu- 
tated one4oopdiagrams, there is a difficulty, due to the power counting theorem of 
we cannot simply take the naive continuum hmit of the expressions 
for the the amputated one-loop diagrams as they have a naive degree of divergence 
of 1 . It turns out that a trick due to Ref. |60] and detailed in Ref. [61] can be used to 
extract the leading divergences from those diagrams without disrespecting Reisz's 
theorem. 
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The trick is to split the integral /(p) into two pieces: 

dl 



lim lip) = lim 

a-^O a-^0 



Hp) 



/ ^ 1 

b 



dpb 



+ lim 

a->-0 



/(O) 



V- dl 

^ Opb 



(226) 



Now the first term in square brackets can be evaluated in the naive continuum limit 
and contains no divergence. The divergence is in the second term but since there is 
no external momenta in the integrand, its evaluation on the lattice becomes simple. 
Not that, /(O) vanishes for each of the diagrams so the calculation becomes even 
more simple. 

Next step obviously would be the numerical evaluation of the integral for a vari- 
ety of regulator masses and extract the logarithmic divergence and any constant 
contributions using a fitting procedure. It turns out that, we could use a simpler 
approach if we are only interested in the leading log divergences, in which a naive 
continuum limit can be taken and the expressions evaluated using the dimensional 
regularization. 

As a result of such procedure, we obtain the following expressions for the fermion 
self-energy diagrams: 



I- 



XabXg 



-^^PdfABcfBCD^Og^a , 
OTT 

TT-^ /aBC fBCoiSdaPe — SeaPd) 
OTT 

^ IQ^-?. f ABC f BCD <^abdghPd log • 



(227) 



The cutoff - has been inserted inside the logarithm to ensure that it is dimension- 
lesiEI. 

The amputated divergent diagrams for the lattice d propagator are also log 
divergent. It is possible to extract the sum of these logarithmic divergences using 
the same tricks used for the fermions, evaluating the diagram in the naive continuum 
limit. The sum of all these diagrams, contracted with external dB propagators, will 
then yield a log divergent term of the form 

Cdd = cJacbIdcb log (^a) , (228) 

where c is a constant to be determined by explicitly evaluating the diagrams. How- 
ever, it is not necessary to evaluate these diagrams, even in the continuum, to 
determine as - the requirement that the continuum theory preserve full supersym- 
metry will automatically determine in terms of the other Ui corresponding to 
the fermion propagator renormalization. 



'The regulator mass controls the behavior of the integrand close to the origin of momentum space. 
""Here the case considered is of infinite lattice size which reduces all lattice sums in momentum 
space to integrals. 
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6.7. Renormalized propagators 

Upon combining the divergent parts of the individual amputated diagrams com- 
puted above we can compute the leading logarithmic divergences appearing in the 
renormalized propagators. Several of the amputated fermion diagrams may appear 
as internal bubbles when correcting a given fermion propagator. For example, in the 
Tprj diagram shown in figure |8l naively three of the amputated diagrams contribute 
to the renormalization of this propagator. However, the underlying Lorentz struc- 
ture of the propagators and integrals (at least in the case of the log divergences) 
restricts the contributions from some of the diagrams. As a result, only the rjil) 
amputated diagram contributes to the renormalization of the -qip propagator. 

The renormalization of the rjip propagator, denoting the full diagrams by C, is 
given by 

C^d»7 ~ -^fABcfscD^^ log ^la . (229) 

For the case of other diagrams, it can be shown that only /^^ contributes to 
Ct[,x and I^^ to C^^^. 

^V-oXde ^ -^JABCJBCD log^a . (230) 

Noting that the internal propagator in /^^ can be a V'X or xV'i the full diagram C^x 
comes with a factor of 2. 

CxabXde ^ ABC f BCD log fia^^eabkde ■ (231) 

The coefficients of the propagators in the renormalized propagator amplitudes 
C now determine the coefficients a^. Explicitly, they take the form 

a, = 1 + 6, log^a i = 1,2,4, (232) 

where 

b, = b='—, (233) 

and the property JabcIbcd ~ J^Sad is used for the case of SU{N). This restriction 
is needed as the color structure of any counterterms must match that of the tree 
propagators. For the case of U{N) it becomes fABcfBCD — N{Sad — Sao^do)- The 
U{1) trace part can be ignored in the continuum as it simply decouples from the 
rest of the system. On the lattice, especially when performing simulations, a similar 



'Ac V i'd Xgh i'c 



Fig. 8. Full Tji/i propagators. 
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result can be achieved by giving the U{1) mode a large mass of the order of the 
cut-off that wiU serve to decouple it from the SU{N) modes at finite lattice spacing. 
This will result in breaking of supersymmetry in this sector but it may be removed 
by sending the U{\) mass to zero after taking the continuum limit. 

Naive expectations would lead us to conclude that the coefficients bi are all 
different. However, the above results indicate that, in fact, the log divergent parts 
of bi and, hence, ai are actually all equal. The reasoning is, to untwist the continuum 
theory into a theory with four Majorana spinors requires that the continuum twisted 
fermions exhibit a common wavefunction renormalization. This just follows from the 
fact that the individual components of the spinors mix the different twisted fermions 
together. To achieve this requires that the corresponding renormalization constants 
of the kinetic terms a, should all be equal - agreeing with the findings above. 
Furthermore, since the leading log behavior of the lattice theory is the same as the 
continuum, one should expect that the log divergent part of the lattice couplings 
behave in the same way. Thus, a single wavefunction renormalization of the twisted 
lattice fermions is all that is needed to render the renormalized theory finite. 

The common anomalous dimension of the fermions in this twisted scheme is then 
given by 



The leading log divergent contribution to the {dd) propagator can be computed 
from the naive continuum limit of the corresponding continuum expression for the 
sum of the BB bubble diagrams given in diagram [71 Combined with the fact that 
the tree level {dB) propagators required on the outside of these BB amputated 
diagrams are the same as the continuum to ©(a), the log divergence in the mass 
renormalization of the d field must be the same on the lattice as in the continuum. 
Using this fact it can be argued that the log divergent part of as must actually be 
equal to that of the fermions, ai, for example. This follows from the fact that the 
bosonic action for general ai can be rewritten as 



This renormalized bosonic action can be untwisted to yield the conventional gauge 
field plus scalar action in the continuum limit only for = a2 = oii. This condition 
must be true since the continuum twisted theory exhibits full supersymmetry. Then 
the general arguments on renormalization described earlier indicate that the log 
divergence of as on the lattice must satisfy the same property. 

To conclude, the log divergent parts of the coefficients a^, i = 1 • • • 4 must all be 
equal to one-loop order in the lattice theory. This implies that a common wavefunc- 
tion renormalization of both twisted fermions and bosons is sufficient to render the 
renormalized theory finite at one-loop with all fields acquiring an anomalous dimen- 
sion (in this scheme) given by 7 = f;^- Physically, the equality of the couplings 
ai , i = 1 • • • 4 means that no logarithmic fine tuning is required at weak coupling 




(235) 
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for the lattice theory to exhibit fuU supersymmetry as the lattice spacing is sent to 
zero. 

7. Applications to AdS/CFT 

The duahty conjecture between gauge theories and string theorieJ^ provides a 
very promising new direction for investigating the properties of gravitational the- 
ories. This conjecture may be used to describe certain black holes in terms of the 
world volume theories of the D-branes that compose them. The type II string the- 
ory reduces to a supergravity theory for low energies compared to the string scale 
Q,/-i/2^ In this limit the gravitational theory contains black holes with finite tem- 
perature and N units of D-brane charge. Then one can use the correspondence to 
describe these black holes in terms of the worldvolume theories of the D-branes, 
which are supersymmetric Yang-Mills theories with sixteen supercharges in vari- 
ous dimensions, taken in the large N 't Hooft limit and at finite temperature. The 
string theory black holes are described by the strongly coupled sectors of these 
gauge theories. Solving the gauge theories would allow one to directly study the 
quantum properties of the dual black holes, including their thermodynamic proper- 
ties. Since the gauge theories are strongly coupled, their direct computation needs 
nonperturbative techniques such as lattice simulations. 

According to the AdS/CFT conjecture, type II superstring theory in AdSd+i>^M 
space, where M is a compact manifold with positive curvature, should be equivalent 
to a superconformal field theory living on the d-dimensional boundary of AdSd+i- 
Among the many generalizations of this conjecture we look closely at the two cases 
- those involving DO-branes and Dl-branes - to apply the twisted field theory for- 
mulations to derive some interesting results. 

7.1. DO-brane thermodynamics from lattice SYM 

The duality conjecture consists of a mapping between type II string theory con- 
taining N Dp-branes and (p -I- l)-dimensional supersymmetric gauge theories with 
gauge group SU{N). Perhaps the simplest of these systems would be the one which 
describes the dynamics of DO-branes in type IIA string theory in terms of six- 
teen supercharge Yang-Mills quantum mechanics in the large N 't Hooft limit. The 
low temperature string theory describes black holes with N DO-brane charge, whose 
thermodynamics may hence be studied using the dual sixteen supercharge quantum 
mechanics with gauge group SU (N) . We need nonperturbative techniques such as 
lattice simulations to study the dual quantum mechanics since it is strongly coupled. 

We consider a system of N coincident DO-branes in the "decoupling limit" with 
N large and Ngs fixed, where is the string coupling. The decoupling limit is 
taken by considering excitations of the collection of DO-branes with fixed energy 
while sending the string length scale a' to zero. The degrees of freedom of the DO- 
brane system then split up into those localized near the branes (known as the 'near 
horizon' excitations, which are of our interest) and those living far from the branes. 
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There are two ways to describe the degrees of freedom hving near the DO-branes 
using perturbative approach depending on the value of the fixed quantity Ngg. 
Case 1. Ngs < 1 

The DO-branes decouple from the ten-dimensional background gravitational the- 
ory. The degrees of freedom are described by the dynamics of the sixteen supercharge 
SU{N) Yang-Mills quantum mechanics, which is the worldvolume theory of the DO- 
branes whose degrees of freedom are the open strings ending on the branes. At fixed 
energy excitations of the DO-branes and in the limit string length approaching zero, 
the higher string corrections become irrelevant. The Yang-Mills coupling is small 
in this regime and it is given by 

91m = 9sa'-'/y{27T)^ . (236) 

Case 2. Ng^ > 1 

The DO-branes couple strongly to gravity in this limit. The degrees of freedom 
are described by the target spacetime supergravity solution for N DO-branes. Since 
the characteristic radius of curvature of the solution is much larger than the string 
length, the string worldsheet theory becomes weakly coupled. Thus supergravity is a 
good approximation in this regime. Geometrically this solution has two regions - the 
far horizon one, which is asymptotically flat 10-d spacetime and the near horizon 
one, which has a curvature characteristic to a black hole geometry. A potential 
energy barrier separates the finite energy excitations in these two regions. We focus 
on the 'near-horizon' region excitations. Identifying U and as the energy sales 
we wish to fix 

C/=^ C/o = ^ (237) 
a a' 

with U > Uq. Then decoupling limit corresponds to taking a' — >• keeping U, Uq 
fixed. In this limit the entropy of the black hole becomes 

S = —-L—N^ (Uo/X'/') (238) 



28VT57rV2 
and the temperature is given by 



where A — Ngyj^j. 

It should be noted that both the above perturbative descriptions - the Yang- 
Mills for Ngs <^ 1 and the stringy black hole for Ngs S> 1 - are not just limited 
to the regimes of Ngs where they are perturbatively good. In fact the Yang-Mills 
description {Ngs <C 1) is well defined for all Ngs. The string black hole description 
{Ngs ^ 1) is also valid for finite Ngs away from Ngs ^ 1 but in that case one 
must take into account stringy a' corrections to the description of the black hole in 
supergravity. 

The equations given in (|238|) and ()239p for entropy and temperature relate the 
Yang-Mills quantities to those of the string theory. 
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We define a parameter, 

/3 ^l/t^ X^^'^/T , (240) 

which can be thought of as a dimensionless inverse temperature, characterizing the 
behavior of the theory. Then for large /3 ^ 1 (but stiU finite as compared with 
large N) the system of DO-branes should be well described by a supergravity black 
hole with negligible string corrections. Assuming the holographic correspondence is 
correct, we can predict (in the large /3 limit) the precise form of the entropy and 
free energy of the Yang-Mills quantum mechanics, 

= 11.57V2^-^/^ / = -4.1 liV^^g- 14/5 ^ (-241) 

since it is known how to compute the Bekenstein-Hawking entropy of the super- 
gravity black hole. Here / is the dimensionless free energy, related to the usual free 
energy F through F = X^^^ f . 

As /3 decreases the curvature at the horizon radius becomes larger and the 
supergravity description receives string oscillator a' corrections. For small [3-^1 
the system can best be thought of as a highly excited hot ball of strings and branes. 
It has been argued that the hot ball of strings for /3 <C 1 and the black hole at /3 ^ 1 
are the same object, and the physics at the transition point /3 ~ 1 (the Horowitz- 
Polchinski 'correspondence point') is therefore smoottP^I. The presence of a black 
hole in the dual string theory (geometrically, it is realized as the presence of a 
contractible Euclidean time circle in the theory) indicates the Yang-Mills theory is 
in a confined phase with a finite expectation value for the amplitude of the Polyakov 
loop (|iTre'^^'^^|)lSll. 

The appearance of a deconfined phase in the gauge theory 
would correspond to the absence of a black hole in the dual theory (geometrically, 
the presence of a non-contractible time circle) with a vanishing expectation value for 
the Polyakov loop. Thus we expect that the sixteen supercharge quantum mechanics 
at large /3 ^ 1 to be confined, as it is indeed dual to a black hole. At small /3 ^ 1 
we expect that the sixteen supercharge theory is likely to be deconfined. 

Lattice simulation^ of the sixteen supercharge SU{N) Yang-Mills quantum 
mechanics have already been carried out in the 't Hooft limitP^. The simulations 
probed the low temperature regime for N < 5 and the intermediate and high tem- 
perature regimes for N < 12. The 't Hooft scaling of thermodynamic quantities 
has been observed and at low temperatures the numerical results are consistent 
with the dual black hole prediction. The intermediate temperature range is dual 
to the correspondence region, and the numerical results are consistent with smooth 
behavior there as well. 

The plots of dimensionless energy and expectation value of the Polyakov loop 
against temperature for various N are shown in figure [9l (Figures are from Ref. 1661 ) 
The data points for energy approach a constant at very high temperatures corre- 
sponding to the result from classical equipartition assuming iV^ deconfined gluonic 



"See Ref. 1651 for the details of the code for simulating SYM theoreis on the lattice. 
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states. (In this limit the fermions acquire thermal masses and thus they are lifted 
out of the dynamics.) For low temperatures the energy approaches zero signaling 
the presence of a supersymmetric vacuum at vanishing temperature. The 't Hooft 
scaling sets in for small N ^ with = 3 already giving results close to an extrapo- 
lated large N result. The results obtained by the high temperature expansion^ is 
denoted by the asymptotic dashed line and agree with the numerical data. 

The simulations indicate that the data points appear to interpolate from high 
to low temperature smoothly. The intermediate temperature range i ~ 1 is dual to 
the Horowitz-Polchinski correspondence regime and the data indicate apparently 
smooth behavior at that regime. The low temperature behavior of the theory ap- 
pears consistent with the prediction from supergravity (shown using solid curve 
near origin on the left plot). 

There have been a series of numerical studies in recent years to explore the 
holographic principle between supersymmetric gauge theories and supergravity the- 
ories, focusing on the cases when the super Yang-Mills theory is one-dimensional 
and the dual gravitation al theory describes the low energy dynamics of DO-bra nes 
|66l l 68 l| 6 TOl 7l 1^^ or the A/- = 4 theory compactified on x rESEIIII. in 
the next section we focus on the phase structure and thermodynamic properties 
of gravitational theories whose worldvolume theory is described by a collection of 
Dl-branes-^^SJi. 



7.2. Dl-brane thermodynamics from lattice SYM 

We consider the case where the low energy string theory consists of a large num- 
ber of N coincident Dl-branes wrapped on a spatial circle, which, in the decoupling 
limit, is described by a two-dimensional maximally supersymmetric Yang-Mills the- 




thermal 



Fig. 9. Left: A plot of the dimensionless energy e/t against dimensionless temperature t. The 
low temperature black hole prediction is shown using solid line. The high temperature expansion 
results are shown using asympotic dashed line. Right: A plot of the Polyakov loop observable P 
against temperature t. For large t the amplitude of the Polyakov loop has a finite expectation 
value and thus the sixteen supercharge quantum mechanics is in a deconfined phase. For small t 
the theory is in a confined phase indicating the presence of a black hole in the dual gravitational 
theory. The two phases are connected through a smooth transition point, which agrees with the 
Horowitz-Polchinski correspondence point. 
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ory on a circl j^"^ ! ^ . There exists a new dimensionless coupling in the gauge theory 
that can be varied in addition to the temperature when the spatial direction is 
compactified on a circle. Thus the two-dimensional Yang-Mills system possesses a 
richer structure at large N than its one-dimensional counterpart. Arguments from 
a high temperature limit and also from strong coupling, using a dual supergravity 
description, indicate that the system should possess an interesting phase structure 
in the two-dimensional par ameter space spanned by the temperature and this new 
coupling in the large N limiPEH. A large N transition between confined and decon- 
fined phases with respect to the spatial Polyakov line is expected, which interpolates 
between the high temperature region and the strongly coupled region. In particu- 
lar, for the strongly coupled region, the dual Dl-brane system can be described by 
certain black holes in supergravity, with a compact spatial circle. Then arguments 
from the dual gravity model indicate a first order Gregory-Laflammc phase 
transition between the black hole so lutions lo calized on the circle and uniform black 
hole solutions which wrap the circl e! * i |o4 | oa | oo|o | oo|otj| Translating back to the 
SYM, the dual gravity model predicts the parametric dependence of the transition 
temperature against dimensionless circle coupling - a dependence that seemingly 
cannot be deduced by simple SYM considerations. Interestingly, since the relevant 
gravity solutions have not been constructed yet (analog solutions are known, but 
not in the correct dimension^'-' ^'^'), the precise coefficient in this relation is not 
known, and determining it in SYM yields a prediction for the phase transition tem- 
perature that could be tested in the future when the gravity solutions (of a classical 
but non-trivial gravitational problem) are constructed. 

We are interested in studying large N thermal two-dimensional maximally su- 
persymmetric (16 supercharge) SU{N) Yang-Mills theory, in the 't Hooft limit, 
with coupling A = Ngy^, with the spatial direction compactified. Continuing the 
theory to Euclidean time, this implies the Yang-Mills theory is defined on a rectan- 
gular 2-torus, with time cycle size /3, and space cycle size R. The fermion boundary 
conditions distinguish the two cycles, being anti-periodic on the time cycle so that 
/? has the interpretation of inverse temperature, and periodic boundary conditions 
on the space cycle. The action may then be written as: 



N 

S = — I drdxTr 



A 



rp2 



I, J 



-fcrmions 



(242) 



where I, J = 1, . . . , 8 and 0^ are the 8 adjoint scalars, and r is the coordinate on 
the time circle, and x the coordinate on the space circle. Since A, /3 and R are 
dimensionful, it is convenient to work with the two dimensionless couplings: 

rr = VA/3 and = V\R , (243) 



which give the dimensionless radii of the time and space circles, respectively, mea- 
sured in units of the 't Hooft coupling. We will be interested in the expectation 
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values of the trace of the Polyakov loops on the time and space circles, 



Tr(Pexp(z^AO)|) , - l(|Tr (Pexp(i ^ , (244) 

as at large N , these give order parameters for confinement /deconfinement (or center 
symmetry breaking) phase transitions which we will discuss below. As discussed 
jj^^SO'ST] \^^Q^j.Q £^j.g several interesting limits for the theory. In the large torus limit, 
that is when 1 <C t's , t't , the string theory dual may be described by supergravity. 
For the weak coupling limit, rx,rr <^ 1, or asymmetric torus limits <C and 
Tx ^ , we will find the dynamics are captured by a lower dimensional Yang-Mills 
theory. For 1 <§; ^ r^, the string theory is in the Type IIB regime, where we 
expect Pr 7^ but P^ = 0. In the IIA regime, where 1 <C r,- and r^/'^ ^ r-r, 
we have Pr ^ 0, and P^ ^ for < Ccritfr and ~ for > Ccritfr, 
with Ccrit an order one constant with Ccrit > 2.29. In the regime where both IIA 
and IIB apply, they give consistent results. Thus, in the large torus, supergravity 
regimes, the SYM is always deconfined in the time direction, and there is a first 
order deconfinement /confinement transition in the space direction at = Ccrit fr- 

The simplest picture is then that the Gregory-Laflamme first order phase tran- 
sition, — Ccrit i't for 1 ^ Tt, and the second order transition <C and 

= 1.35 Tt- in the time reduced bosonic quantum mechanics are two ends of the 
same spatial Polyakov loop confinement /deconfinement phase transition line. At 
some point in-between, the order presumably changes, and here the new third order 
Gross-Witten phase transition emerges, although this is not measured by center 




Fig. 10. Cartoon of the expected large A'^, spatial Polyakov loop deconfinement transition line 
in coupling space. The simplest possibility is depicted, where the spatial deconfinement transition 
interpolates between the strong coupling Gregory-Laflamme transition parametric behavior ~ 
Tr, and the high temperature reduction deconfinement transition behavior = l.SSr^. 
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symmetry breaking, but by more detailed information about the spatial Polyakov 

on Q'T QQ 

loop eigenvalue distribution. It is interesting"" " ' "° that the new phase at small 
also exists for 1 ^ in the form of non-uniform IIA black strings, but, unlike at 
weak coupling, these are never thermally dominant in the IIA supergravity region. 
In figure [TOl the expected phase diagram for the spatial confinement/deconfinement 
transition is summarized. 

The numerical simulations of this theory focus on the Polyakov lines for both 
the thermal and spatial circle. These are defined on the lattice in the usual way 



P. = -( 

n\ 



Tr U^-2oUa^ 



Tr TT^^^ r/ 



(245) 



where the unitary piece of the complexified link U^, is extracted to compute these 
expressions. The values of spatial and temporal Polyakov lines are evaluated as a 
function of r-r for two different lattices with the same aspect ratio, a 2 x 8 lattice and 
a 3 X 12 lattice, for iV = 3 and with values of the infrared regulator m — 0.05, 0.10 
and 0.20. The use of two different lattices with the same aspect ratio would allow 



SU(3) 

L- = S.Lr = 2 



! * 



Tempo ru] Polyakov li 



Spatial Polyakov lines 



= 0.10 
= 0.20 



^ i * 



SU(3) 

L, = L,, = 1 

L-= 12, Lr = 3 



MM* 



Temporal Polyakov lines 



* * 

Spatial Polyakov lines 



= 0.05 
= 0.10 
= 0.20 



Fig. 11. Spatial and temporal Polyakov lines (Px and Pr) against dimensionless time circle radius 
Tr for maximally supersymmetric SU (3) Yang— Mills on 2 x 8 and 3 x 12 lattices using different 
values of the infrared regulator m. 
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to test for and quantify finite lattice spacing effects. The simulations are performed 
for values of the dimensionless time circle radius in the range 0.02 < < 1.0. 
Figure [TT] shows the numerical results. 

The temporal Polyakov remains close to unity over a wide range of r,- indicating 
that the theory is (temporally) deconfined, and is consistent with expectations for 
the asymmetric torus limits, and the strong coupling regions, where there is a dual 
supergravity description in terms of black holes. However, the spatial Polyakov line 
has a different behavior taking values close to unity for small r,- while falling rapidly 
to plateau at much smaller values for large r^. . It is tempting to see the rather rapid 
crossover around rr ^ 0.2 as a signal for a would be thermal phase transition as 
the number of colors is increased. This conjecture is seen to be consistent with the 
data: in figure fT2l the Polyakov lines are shown for iV = 2, 3, 4 on 2 x 8 lattices as 
a function of r,-. The plateau evident at large falls with increasing N and the 
crossover sharpens. This is consistent with the system developing a sharp phase 
transition in the large N limit. 

Figure. fT3l is obtained by analyzing the numerical data for SU (3) and SU (4). The 
superposition of the Px = 0.5 contours for SU{3) and SU{4) is given as dashed black 
lines. The case where the S'[/(4) loop is greater than the SU{3) loop is denoted 
by shaded (blue) region, which is expected to estimate the large N deconfined region 
for a first order transition (which gravity suggests at strong coupling). 'Holes' in 
this blue region are due to statistical errors. The boundary of this region (ignoring 
'holes') seems to be matching well the — 0.5 contours, and represents a best guess 
for where the large N transition resides. This figure should be compared to figure 
[TU] giving a sketch of the expected phase structure. Plotted on the figure is the high 
temperature prediction for the transition (r^ — 1.35r,-, red curve). The estimated 
large N transition curve fits well both this high temperature prediction and also the 
strong coupling dual gravity predicted parametric behavior — Ccritfr- The data 
obtained through simulations suggests Ccrit — 3.5 (plotted as blue curve), which 
obeys the constraint from gravity Ccrit > 2.29. 

The value of the ratio a = Ccrit/'^-29 gives the ratio of the GL thermal phase 
transition temperature to the Gregory-Laflamme dynamical instability temperature 
(the minimum temperature to which uniform strings can be supercooled), so a = 
Tgl pho^JToL instab- Although the Gregory-Lafiamme instability temperature is 
known (corresponding to the behavior = 2.29rT- at strong coupling), the 
Gregory-Laflamme phase transition temperature is not known in the gravitational 
theory, as the localized solutions have not been constructed. The lattice estimation, 
a ~ 1.5, obtained through the analysis performed above provides a prediction for 
the thermal behavior of the gravity solutions. This is the first time a prediction 
about the properties of non-trivial classical gravity solutions has been made from 
the Yang-Mills side of a holographic correspondence. 
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Fig. 12. Plot of the absolute values of the spatial and temporal Polyakov lines (Px and 
Pt) against the dimensionless time circle radius Vr for maximally supersymmetric SU{N) 
Yang-Mills on a 2 x 8 lattice for A'' = 2, 3, 4, using the value of the infrared regulator m = 
0.10. 




Fig. 13. Plot showing a superposition of the Px = 0.5 contours for 5*17(3) and 5(7(4) as 
dashed black lines. Plotted on the figure is the high temperature prediction for the tran- 
sition (vx = 1.35r-r, red curve). We note that the estimated large N transition curve fits 
well both this high temperature prediction and also the strong coupling dual gravity pre- 
dicted parametric behavior = Ccritfr- The data obtained through simulations suggests 
Ccrit — 3.5 (plotted as blue curve), which obeys the constraint from gravity Ccrit > 2.29. 
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8. Future Directions 

In this review we have focused on a set of of SYM theories with extended su- 
persymmetries that exhibits compatibility with discretization on the lattice. These 
lattice theories are constructed based on the ideas drawn from topological twisting. 
The supersymmetries of certain Yang-Mills theories can be rewritten in a twisted 
form such that the resultant theory (twisting is just a change of variables in flat 
Euclidean spacetime) resembles like a topological field theory. The supersymme- 
tries and fermions of the theory transform in integer spin representations of the 
twisted rotation group, and twisting always produces a nilpotent supersymmetry. 
The supersymmetry algebra associated with the nilpotent supersymmetry does not 
generate translations and thus we can implement this sector on the lattice hoping 
that the remaining broken supersymmetries on the lattice can be fine tuned, once 
we take the continuum limit of the lattice theory to approach the target theory. 

We have looked at the interesting case of four-dimensional JV — A SYM the- 
ory. At one-loop this theory needs only one wavefunction renormalization of the 
counterterms to achieve the continuum limit. The analysis was performed around 
a specific point in the coupling space, namely = 1. It would be interesting to do 
the one-loop analysis starting from an arbitrary point in coupling parameter space 
and study the flow of the couplings as the theory is renormalized. It would also be 
interesting to go beyond one-loop analysis on the lattice inspired by the topological 
field theory nature of the formalism. An interesting task would be to understand 
the perturbative lattice beta function, perhaps even to all orders. Also it would 
be interesting to see to what extent just some preserved supersymmetry charges 
guarantee scale invariance in the theory]^ 

We could also extend the analysis in the context of AdS/CFT to three- and 
four-dimensional Yang-Mills systems, which are thought to be dual to D-2 and D-3 
brane systems, using these exact supersymmetry lattice formulations. 
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